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Abstract — In this paper, we give a new framework for con- 
structing low ML decoding complexity Space-Time Block Codes 
(STBCs) using codes over the finite field F4. Almost all known 
low ML decoding complexity STBCs can be obtained via this 
approach. New full-diversity STBCs with low ML decoding 
complexity and cubic shaping property are constructed, via codes 
over F4, for number of transmit antennas TV = 2 m , m > 1, and 
rates R > 1 complex symbols per channel use. When R = N, 
the new STBCs are information-lossless as well. The new class 
of STBCs have the least known ML decoding complexity among 
all the codes available in the literature for a large set of (TV, R) 
pairs Q 

I. Introduction 

Consider an TV transmit antenna, TV r receive antenna 
quasi-static Rayleigh flat fading MIMO channel given by 
Y = XH + W, where H is the TV x TV r channel matrix, 
X is the T x TV matrix of transmitted signal, W is the 
T x TV r additive noise matrix and Y is the T x N r matrix 
of received signal, where all matrices are over the complex 
field C. Throughout this paper, we consider only the case 
T = TV. An TV x TV STBC C is a finite subset of C NxN . 
An TV x TV linear space-time design JT] or simply a design X 
in K real variables x%, . . . , xk is a matrix Y2i=i x i^i, where 
A,eC NxN , i = 1,...,K, and the set {A U ...,A K } is 
linearly independent over R. The rate of this design is R = 
complex symbols per channel use (cspcu). The matrices Ai 
are known as linear dispersion matrices or weight matrices. 
An STBC can be obtained from a design X by making 
xi, . . . , xk take values from a finite set A C K A '. The set A 
is called the signal set. Denote the STBC obtained this way by 
C(X, A), i.e., C(X, A) = {Eti aiA t | [a u . . . , a K ] T e A}. If 
the symbols xi,...,xk can be partitioned into g groups, 
g > 1, such that each group of symbols can be ML decoded 
independent of other groups, then the STBC C(X, A) is said to 
be g-group ML decodable or multigroup ML decodable. If the 
maximum number of real symbols per group is A, the STBC 
is also said to be X-real symbol ML decodable. Since, the 
number of real symbols that have to be jointly ML decoded is 
only A, instead of K, the ML decoding complexity is greatly 
reduced. A necessary condition for the symbols xi and Xj to 
belong to different ML decoding groups is that, their weight 
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matrices A4 and Aj must be Hurwitz-Radon orthogonal, i.e., 
they must satisfy 



Aa Aj Aa Ai 



0. 



(1) 



Constructing low ML decoding complexity STBCs requires 
one to find weight matrices satisfying the above equation. 

From an information theoretic perspective, it is desirable 
that the design X be such that, the capacity of the space- 
time coded MIMO system is same as the capacity of the 
uncoded MIMO channel Y = XH + W. Designs satisfying 
this condition are said to be information-lossless. Another de- 
sirable property of STBCs is cubic shaping |2 |. Cubic shaping 
allows easy bit labeling of codewords, provides savings on 
the average transmitted energy and is related to information- 
losslessness 0. 

It is known that 0, ||4), El, orthogonal designs offer 
single real symbol ML decodability and hence have the 
least ML decoding complexity. STBCs based on orthogonal 
designs were proposed in 0, 0, 0. Clifford Algebras were 
proposed as a means to design square orthogonal designs 
in 0. However, the rates offered by these designs is less 
than 1 cspcu when the number of transmit antennas is more 
than two J6], Q, 0. Single complex symbol ML decod- 
able or double real symbol ML decodable rate 1 STBCs 
were constructed in 0, ID, 0, 0. In 0, single complex 
symbol ML decodable codes called Coordinate Interleaved 
Orthogonal Designs (CIODs) were introduced. However, their 
rate decreases rapidly with increasing number of antennas. 
In 0, HO), flj], the framework for multigroup ML decodable 
STBCs was given. In 0, a general algebraic structure of the 
weight matrices of g-group ML decodable codes was given. 
In iflOl . 4-group ML decodable rate 1 codes for arbitrary 
number of antennas were constructed. In [11], g-group ML 
decodable designs, called Clifford Unitary Weight Designs 
(CUWDs), were constructed by manipulating the matrices 
obtained through representation of Clifford Algebras. In [12|, 
Extended Clifford Algebras were introduced, an algebraic 
framework based on these algebras was created to study 
CUWDs and the optimal tradeoff between rate, R, and the 
number of ML decoding groups, g, of CUWDs was derived 
for a specific class of CUWDs. Codes meeting this tradeoff 
were also constructed in 1 12 1. Recently, in lfl3ll . lfT4l and 1 15 1, 
multigroup ML decodable codes with rates greater than 1 
cspcu were constructed. 



In |[T6l , the idea of fast-decodable (FD) STBCs was in- 
troduced. These codes are not multigroup ML decodable but 
they still have low ML decoding complexity. Also in lfl6l . a 
rate-2, 4-antenna FD code with cubic shaping was constructed. 
In ED, fl]D, it was shown that the Golden Code US), which 
is a perfect code ll20l . is fast-decodable and hence has lower 
ML decoding complexity than was previously known. The 
Silver code ||2TI ll22l [23 1, which is a perfect code for 2 
antennas, is also fast-decodable. In ifTTl . rate 2 codes using 
designs for 2 and 4 antennas with the largest known coding 
gain were constructed. These codes too are fast-decodable. 
The 2 antenna code of [17] is information-lossless and has 
non-vanishing determinants. In 11241 . FD codes for number of 
antennas A — 2, 4, 6, 8 and rates R = 1, . . . , A/2, with non- 
vanishing determinants were constructed. These codes com- 
bine a modified version of perfect codes [20 1 with Alamouti 
embedding ll25l . Recently, in ll26l a rate-3/2, 4-antenna FD 
code was constructed. In ll27l . rate 2 codes for 4 antennas 
with non-vanishing determinants and cubic shaping were con- 
structed using Crossed Product Algebras. 

In 11281 . a new class of STBCs called fast-group-decodable 
(FGD) STBCs were introduced. FGD STBCs are multigroup 
ML decodable STBCs in which at least one group of symbols 
is fast-decodable. Thus, these codes combine the low ML 
decoding complexity properties of multigroup ML decodable 
codes and FD- codes. 



Let X = 



and Z = 



. Note that both X 



and Z are Hermitian and unitary. The four matrices I2,X,Z 
and iXZ are known as the Pauli matrices. They form a C- 
linear basis of C 2x2 . For an integer m > 1, the finite group 
G m , generated by the m th order tensor products of the Pauli 
matrices is called the Pauli group. It consists of all possible 
m fold tensor products of the Pauli matrices together with 
multiplicative factors ±1, ±i, i.e., 



G, 



■ •®s m |/iGZ 4 , B k e{i 2 ,x,z,ixz}}. 

(2) 

The following subset of G m , 



A, 



B m \\eZ 2 , B k &{I 2 ,iX,iZ,ZX}} 



is a basis for C as a vector space over R. The set A m 

was arrived at by using matrix representation of the natural 
basis of Universal Clifford Algebras (see Section IIVb . The 
elements of A m have multiplicative properties similar to the 
Hurwitz-Radon orthogonality condition ([TJ. Let F4 denote 
the finite field with 4 elements {0, 1,uj,uj 2 }, where the non- 
zero elements of the field are related as 1+uj — lu 2 . We 
relate the set A m to a subset of F™ +1 by defining the map 
ijj : {I 2 ,iX, iZ, ZX} F 4 , that sends 



h 



0, iX 1, iZ -> uj and ZX 



J 1 . 



The map ip : A m -t F 2 © F™ that sends 

i x B 1 ® • • • <g> B m -> [A, if>(Bi), ^{B m )\ 



(3) 



is a one to one correspondence between A m and F2 © F™ 
(See Proposition O. 



The contributions and organization of this paper are as 
follows. 

> We give a new framework to construct low ML decoding 
complexity STBCs by using codes over F4. It is shown 
that, when designs are constructed by using elements 
of Pauli group as weight matrices, the Hurwitz-Radon 
orthogonality condition 0) can be easily checked by 
transferring the problem to the corresponding F4-domain 
using (01. This facilitates both the description and the 
construction of low ML decoding complexity STBCs in 
the F4-domain (Section HvT>. 

• Using this new framework, we construct a new class of 
full-diversity FD and FGD STBCs for number of antennas 
N = 2 m , m > 1, and rates R > 1. The new class of 
STBCs have cubic shaping property, and when R — N, 
i.e., full rate, the new STBCs are information-lossless as 
well. The new class of STBCs have the least known ML 
decoding complexity among all the codes available in the 
literature for 



A = 2,4 & R>1, 

A = 8, 16 & 
and N = 2"\m > 5, & R > 



1 < R < §, i?>-j + -^, 



iV 



Specifically, when N = 2 m , m > 1 and R > 1, the new 
class of STBCs can be ML decoded with complexity 
3M 2m ~ 2(4fl - 3) -°- 5 , where M is the size of the under- 
lying complex constellation. When N = 2 and R = 1, 
the constructed class of STBCs can be ML decoded with 
complexity M 2 ^ 1 ) (Section IVB. 
We construct a new class of g-group ML decodable 
STBCs, g > 1, via codes over F4. The new class of 
STBCs meet the (i?, g) tradeoff of the class of CUWDs 
constructed in fl2l . We also give three new recursive 
constructions to construct multigroup ML decodable 
STBCs for 2 m+1 antennas using multigroup ML decod- 
able STBCs for 2 m antennas. It is shown that almost 
all known multigroup ML decodable codes available 
in the literature can be constructed via codes over F4. 
Specifically, we construct g-group ML decodable STBCs 
for g > 1 with rate R = ^ g 9 +i - for number of antennas 

N = 2 m , m > [§ - 1] (Section |V}. 
We show that the 4 antenna rate 2 code of fl6l . the 2 
antenna code in 03, the Silver Code ED, E2, E3 
and the FGD STBC constructed in ll28l are all specific 
cases of STBCs obtainable via codes over F4. Using this 
result, we prove that the FGD STBC of El has cubic 
shaping property (Section PvTl ). 

We show that full-diversity STBCs with lower ML de- 
coding complexity than the codes reported in [14|, Ifl31l 
can be constructed by simply using the same designs 
as in 031, 03, but by choosing the signal sets intelli- 
gently. The resulting STBCs have the least known ML 
decoding complexity for certain (R, N) pairs. Specif- 
ically, the resulting <?-^roup ML decodable STBCs, 
g > 1, for A = n<72L _ 2-J, n > 1, antennas and rates 



R< 



N 



> | i 9 2N 9 can be ML decoded with complex- 
ity g M NR/g ~°- 5 (Section [VI]). (Table U summarizes the 
comparison of the ML decoding complexities of already 
known codes and the new ones of this paper.) 
• We show that, if a design is composed of full-rank weight 
matrices, then a full diversity STBC can be obtained from 
this design by encoding all the real symbols of the design 
independently of each other. We also give a sufficient 
condition for a design to give rise to a full-diversity STBC 
when the real symbols are encoded pairwise using rotated 
square QAM constellations (Section HH]). 
In Section [TT1 preliminary results are reviewed and the idea 
of designs with low ML decoding complexity is introduced. 
Concluding remarks and directions for future work are dis- 
cussed in Section [VTI1 

Notation: For a complex matrix A the transpose, the conjugate 
and the conjugate-transpose are denoted by A T ,A and A H 
respectively. ||A||jr denotes the Frobenius norm of matrix A. 
A ® B is the Kronecker product of matrices A and B, and 
A® 71 denotes the n-fold Kronecker product A ® • • • ® A. I n 
is the n x n identity matrix and is the all zero matrix 
of appropriate dimension. The empty set is denoted by (j>. 
Cardinality of a set T is denoted by |T| and the complement of 
r with respect to a universal set U is denoted by T c whenever 
U is clear from context. 1{-} is the indicator function and 
i = For a square matrix A, det(A) is the determinant 

of A and Tr(A) is the trace of A. For a positive integer 
n, Z„ is the set {0, 1, . . . , n — 1}. For a complex matrix A, 
Afi e and Ai m denote its real and imaginary parts respectively. 
vec(A) is the vectorization of the matrix A. For integers, a, 
b and n, a = b mod n denotes that (b — a) is divisible by 
n. For square matrices Aj, j — 1, . . . , d, diag(Ai, . . . , Ad) 
denotes the square, block-diagonal matrix with Ai, . . . , A& on 
the diagonal, in that order. 

II. Preliminaries 

In this section, we review multigroup ML decodable, FD 
and FGD STBCs and introduce the notion of designs with 
low ML decoding complexity. 

Let Nk denote the set {1, ...,K}. For any if -tuple 
x = [x\, . . . ,xk] t and non-empty set T C Nk, define 
xr = [x il ,Xi 2 ,...,Xi lrl ] T , wherein r = {h, . . . , i\ r \} and 
i\ < %2 < ■ ■ ■ < i\r\- The idea of encoding complexity was first 
introduced in |29|, wherein multigroup encodable STBCs were 
defined. 

Definition 1 (RIPll): Let g be any positive integer. An STBC 
C(X, A) obtained from a design X and a signal set A is said 
to be <?-group encodable if there exists a partition of Nk into 
non-empty subsets ri, . . . , T g , and if there exist finite subsets 
At C M |Fi| , i = l,...,g, such that 



C(X,A) 



aiAi 



during encoding. If for each i, |I\| = 1, we say that the STBC 
C(X, A) is single real symbol encodable. For any non-empty 
subset T C Nk, let X r = J2ier x i-^i- 

Definition 2: An STBC C(X,A) is said to be g-group 
ML decodable if there exists a partition of Nk into g 
non-empty subsets ri,...,r a , and if there exist finite sub- 
sets A C l' r "', % = l,...,g, such that the ML decoder, 
Cml = arg rnin CgC ( X ^-jljF — CH\\ 2 F , decomposes as 



Cml =X] ar S min c ie c(x ri ,^ 
i=i 



\Y - 



CiH\\ 2 F . 



Such a decomposition reduces the ML decoding complexity 
from nf=i I -^il computations to 2~2i=i |Ai| computations. The 
following theorem gives a set of sufficient conditions for g- 
group ML decodability of an STBC. 

Theorem 1 ([29]): An STBC C(X,A) is g-group ML de- 
codable if there exists a partition of Nk into g non-empty 
subsets T\, . . . ,T g , such that the following conditions are 
satisfied: 

1) The weight matrices Ai, I £ Nk, of the design X are 
such that 



A^Ai + Af A k = for I e T u k e T j: 1 < i < j < g, 

2) C(X, A) is g-group encodable with respect to the parti- 
tion Ti, . . . ,r g . 

We now review the FD STBCs (introduced in [16]) and 
their low ML decoding complexity property. 

Definition 3: An STBC C(X,A) is said to be fast- 
decodable or conditionally g-group ML decodable, if there 
exists a non-empty subset T C Nk, and finite subsets 
At C R |r| and A r - C R 11 " 1 such that 

1) C(X, A) is 2-group encodable with respect to the parti- 
tion r, r c , and signal sets At, Ar^, and 

2) the STBC C(X r ,A r ) is (/-group ML decodable, for 
some g > 1. 

Since xr and x^ are encoded independently of each other, 
one can divide the ML decoding process into two steps. 
For each of the \Ar?\ values that xr" can assume, the ML 
decoder finds the value of xp that optimizes the ML metric 
given the value of xr<=- Then, from among the |Ar c | resulting 
possibilities of x, the decoder finds the optimal x. For each 
proposed value of a;r= in the first step, the problem of finding 
the conditionally optimal xr is equivalent to ML decoding the 
STBC C(X r , At). Let C(X r , A r ) be 5-group ML decodable 
with respect to the partition Ti, . . . , T g , of T, and correspond- 
ing signal sets Ai cM' r '', i = l,...,g. Then, it is clear 
that the ML decoding complexity of C(X,A) reduces from 
|Ar<=| • IlLi I A* I computations to |Ar=| ■ J2i=i |A 4 | compu- 
tations. 

FGD STBCs were recently introduced in [28 1. A formal 
definition of FGD codes is given below. 

Definition 4 ( XZEt ): An STBC C(X, A) is said to be fast- 
group-decodable if it satisfies the following two conditions: 



In short, for a g-group encodable STBC, the tuples 
xr ± , ■ ■ ■ , xr are assigned values independently of each other 



1) For some g > 1, C(X, A) is g-group ML decodable with 
respect to the partition ri, ...,r ff and corresponding 
signal sets Ai, ■ ■ . , A g , and 

2) there exists an i e {l,...,g} such that the STBC 
C(X.Ti, Ai) is fast-decodable. 

The complexity of ML decoding an FGD STBC is low 
because of two reasons. Firstly, multigroup ML decodability 
decreases the number of computations required for ML de- 
coding. And secondly, there is at least one component code 
which is fast-decodable. Such a low ML decoding complexity 
code was given in [28 ] for 4 transmit antennas and rate 17/8 
cspcu. 

So far we have only discussed about the ML decoding 
complexity of an STBC C(X, A). We conclude this section 
by introducing the notion of the ML decoding complexity of 
a design X. From Theorem[T| it is clear that the ML decoding 
complexity of an STBC C(X, A) is affected by the choice of 
both the design X and the signal set A. By the ML decoding 
complexity of a design, we refer to the amount of complexity 
that the choice of the linear dispersion matrices contributes to 
the ML decoding complexity of the STBC. We now introduce 
the idea of multigroup ML decodable, FD and FGD designs 
in the following definition. 

Definition 5: Consider a design X = X)j=i x iM- 

1) X is said to be <?-group ML decodable if there exists 
a partition of Nr into g non-empty subsets Ti, . . . , T g , 
such that 

A^Ai + AfA k = for I G r u k G Tj, l<i<j<g. 

2) X is said to be fast-decodable if there exists a non-empty 
subset r C Nk such that the design Xp is g-group ML 
decodable for some g > 1. 

3) X is said to be fast-group-decodable if X is g-group 
ML decodable with respect to the partition Y\, . . . , T g , 
and there exists an i, 1 < i < g, such that Xrv is fast- 
decodable. 

III. On Full Diversity 

Consider the design X = Xa=i x iM m rea l symbols 
Xi, i = l,.. K, where K = 2RN and Ai G A m , 
i = 1, . . . , K, m > 1. Let, for a complex matrix 
A, vec(A) = [vec(An e ) T vec(Aj m ) T ] T , where vec(-) 
denotes the vectorization of a matrix. We have, 
vec(X) = Yi,i=\ XiVec(Ai) = G[xi , x K ] T , where 

G = [5ec(Ai) mc{A 2 ) ■ ■ ■ vec(A K )] G R 2NTxK . 

Let the symbol vector [xi,. . . ,xk] t assume values from a 
finite subset of Q7L K , where, Q G M. KxK is an orthogonal 
rotation matrix. The matrix G = GQ G R 2NTxK is called 
the generator matrix of the resulting STBC. The STBC thus 
obtained is said to have cubic shaping property if G T G is a 
scalar matrix, i.e., (G T (G = alx, for some a > [2|. 

In this section, first we show that if a design satisfies a 
certain condition (see Theorem [3]), full diversity STBCs can 
be obtained from this design by encoding the real symbols 



pairwise using rotated square QAM constellations. This result 
is used in Section [Vl] to construct full diversity STBCs with 
cubic shaping and low ML decoding complexity via codes over 
F4. Then, we show that if all the weight matrices of a design 
are of full rank, then full diversity STBCs can be obtained from 
this design by encoding the real symbols independently of each 
other. Such an encoding does not increase the ML decoding 
complexity than that imposed by the design alone. We use 
this result in Section [VI] to show that full diversity STBCs 
with ML decoding complexities lower than those reported 
in fl4l . |[T5ll can be obtained by simply using the same designs 
as in 1T41 . |[T5l and choosing the signal sets intelligently. 
Further, all the designs obtained in this paper via codes over 
F4 have unitary, and hence, full-rank weight matrices. Thus, 
if the design were multigroup ML decodable, FD or FGD, 
then there exist signal sets which when combined with these 
designs give rise to full-diversity multigroup ML decodable, 
FD or FGD STBCs respectively. This enables us to concentrate 
on the problem of constructing designs with low ML decoding 
complexity with the existence of full-diversity constellations, 
that do not increase the decoding complexity, guaranteed. The 
problem of constructing explicit, such full-diversity achieving 
signal sets for these designs is not addressed in this paper. 

A. Full diversity with rotated QAM constellations 

Consider an N x N design 

X = Ya1\ + x U2 A i,2), in K real symbols 

{xi t \,xifi\l = 1, • ■ ■ , K/2}. In this section, we show that if the 
weight matrices satisfy the condition that A1.1 + iAi^ is full 
rank for each / = 1, . . . , K/2, then, for a given square integer 
M, the symbols pairs 2^2} can be independently 

encoded using rotated square M-QAM constellations, 
such that the resulting STBC offers full-diversity. For a 
square integer M, let Am-qam denote the square M-ary 
QAM constellation with zero mean and unit minimum 
Euclidean distance. For any two subsets C\,C2 C C NxN , 
let Ci +C 2 = {Ai + A 2 |^i G Cx,A-2 G C 2 } and for any 
complex number a, let chAm—qam — {aa\a G Am-qam}- 

Theorem 2: Let C be an iV x iV full-diversity STBC, M be 
a square integer and A\,A 2 £ <C NxN be such that Ai + 1A2 
is of full rank. Then, there exists a 8 G (0,27r], such that the 
STBC, C + {x r Ai + x 2 A 2 \x 1 + ix 2 G e iS Am~qam} has 
full diversity. 

Proof: For any set A, let A A = {a - b\a, b G A}. Let 
9 G (0, 2tt] and 

C = C + {xiAi + x 2 A 2 \xi + ix 2 G e lS Am-qam}- 

Any SC G AC \ {0} will be of the form 

SC' + Sx 1 A 1 + Sx 2 A 2 , where SC' G AC, 

Sxi + i8x 2 G e l6 AAm-qam, where not both SC' and 
Sxi + iSx 2 are equal to zero. We have, 8x\ + iSx 2 = e t, 
for some t G AAm —qam ■ It is straightforward to show that 

SxiAx + 6x 2 A 2 = te ie d + ie- i9 C 2 , where 

A 1 -iA 2 A 1 + iA 2 
C\ = and C 2 = . 



From the hypothesis of the theorem, C 2 has full rank. Now, 

SC = SC + Sx 1 A 1 + 6x 2 A 2 
= SC + te ie C x + ie~ l9 C 2 
= e~ ie (e t9 SC + te m d + tC 2 ) . 

For full diversity, 8 must be chosen in such a way that 
det (te l2e d + e i6 6C + tC 2 ) ^ 0, i.e., e 10 is not a root of the 
polynomial fsc.t(z) — det {z 1 tC\ + zSC + iC 2 ). We now 
show that fsc.t(z) € \ {0}. Consider the following two 
cases. 

Case 1: t = 0: In this case SC 7^ and since C has full 
diversity, fsc,t{ z ) = det(zSC) ^ 0. 

Case 2:t^0: Evaluating the polynomial fsc,t(z) at z = 0, 
we get fsc.t(0) = det(iC 2 ) ^ 0, since C 2 is of full rank. 
Thus, fscA z ) 7^ 0. 

Full diversity can be attained by choosing 8 such that e 
is not a root of any of the polynomials fsc,t(z). All these 
polynomials are non-zero and are finite in number. Thus, 
the set of union of their roots is also finite. Since there are 
infinite choices for e 10 on the unit circle of complex plane, we 
conclude that there exists a 8 such that the STBC C has full 
diversity. ■ 

Theorem 3: Let X = Ya=i ( x i, 1-^1,1 + 2^,2^,2) be an 
NxN design in real symbols {xii, xi. 2 \l — 1, . . . , K/2} 
such that, for each 1 = 1,..., K/2, A^i + iAi i2 is of full rank 
and M be a square integer. Then, there exist 81 £ (0, 2tt], 
I = 1,..., K/2, such that the STBC obtained from X by 



encoding x;,i + ix L2 using e t0l A M ~QAM, 
offers full diversity. 

Proof: Let n = K/2 be the number of complex symbols 
in the design X. Proof is via induction on n. 

When n = 1, by using the argument in the proof of 
Theorem [2] with C = {0}, we conclude that there exists a 
6»i £ (0, 2tt], such that the resulting STBC is of full diversity. 

We now prove the induction step. Lets say that the theorem 
is true for some n = p — 1 > 1. We will now show that the 
theorem is true for n — p as well. Let z; = n t \ + ixip, for 
I = 1, . . . ,p. Since, the theorem is true for n = p — 1, there 
exist 81, I = 1, ... ,p - I, such that the STBC 



l = l,...,K/2, 



C 



E 

, 1=1 



(l!,l4l + Xl, 2A1. 2) 



zi € e lBl A M - 



QAM 



show that 
the STBC 
has full 



has full diversity. We now need to 
there exists a 8 p G (0, 2tt] such that 
C + {x Pt iApA + x Pi2 A Pi2 \zp e e l0p Am-qam } 
diversity. But, from Theorem [2] this is indeed true. This 
completes the proof. ■ 
Example 1: 2x2 CIOD J5}: The 2 antenna Coordinate 
Interleaved Orthogonal Design (CIOD) constructed in is 
given by 
2 



1=1 



X\.\ + ix 2A 









Xl 2 + 2X2.2 



None of the real symbols has full rank weight matrix. Thus, 
full diversity STBCs can not be obtained via single real symbol 



encoding. However, A11 + iAi, 2 is full rank for I = 1,2. 
Hence, by encoding the symbols xx i + ix\ :2 and X2,i + 1x2,2 
using rotated QAM constellations, a full diversity STBC can 
be obtained. The resulting STBC is the 2 antenna CIOD first 
constructed in 0. 

In Section [VTl we use Theorem [3] to construct full-diversity 
STBCs with cubic shaping and low ML decoding complexity 
via codes over F4. 

B. Full diversity with single real symbol encoding 

Let X n = Y^i=i X1A1 be an N x N linear de- 
sign in n real symbols {xi,...,x n } and let Ai € <C NxN , 
I = 1, . . . , n, be full-rank. Given a set of n positive integers 
Ql, I = 1, . . . , n, we are interested in finding a real constella- 
tion Ai C R for the real symbol x; with \Ai\ = Qi for each 
I = 1, . . . , n. The constellations must be such that the STBC 
obtained by encoding the real symbols using Ai, I = 1, . . . , n, 
C(X n ,^l 1 x ••• x A n ), must be of full-diversity. Towards 
establishing the main result of this section we now introduce 
some notation. 

For each ! 6 {l,...,n}, let 

Ai={ai[0],ai[l],...,ai[Qi-l]}, where a t \j] £ K 
and ajO] < a;[l] < • • • < a,[[Qi — 1]. For an n tuple 
u = [ui , . . . , u n ] T £ 7Lq 1 x Zq 2 • • • x Zg n , define 
C n [u] = X n (ai[ui],a 2 [u 2 ], ■ ■ .,a n [u n }) = Y%=i MM^-l- 
The single real symbol encodable STBC, 
C(X n , Ai x ■ ■ ■ x A n ), obtained by using the given 
constellations satisfies 

C(X n ,.4i x •• • x A n ) = {C n [u]\u £ Z Ql X ••• X ZqJ. 

We see that the codewords are indexed by the elements of 
Z Ql x ■■■ x Zq„. 

Theorem 4: Let X n = J^ILi x \ Ai be an N x N linear 
design in n real variables with full-rank weight matrices 
Ai. Let Ai C M, I = 1,.. .,n, be such that \Ai\ = Qi and 
C(X n ,Ai x • • • x An) is of full diversity. Let A n+ i £ C NxN 
be any full rank matrix and Q n +i be any positive integer. Then 
there exists a one dimensional real constellation A n +i C K 
such that 

1) |-An+i| = Qn+i and 

2) the STBC C(X a+1 , A! x ■■■ x A n +i) offers full diver- 
sity. 

Proof: Proof is given in Appendix A. ■ 
We now present the main result of this section in the 

following theorem. 

Theorem 5: Given an N x N square linear design 

X n = Ym=i x iAi with full-rank weight matrices A[ and a 

set of positive integers Q 1: . . . , Q n , there exist constellations 

i|Cl,! = l,...,n such that 

1) \Ai I = Qi for I = 1, . . . , n and 

2) the single real symbol encodable STBC 
C(X n ,„4i x ■ ■ • x A n ) offers full diversity. 

Proof: Proof is by induction. The theorem is shown to be 
true for n = 1 here. Theorem |4] is the induction step. 

Consider the design for one real symbol Xi = x±Ai. 
Choose any Ai C M with |„4i| = Q%. The codewords are 



indexed by elements in 7Lq x . For any u,v £ Zq ± and m^d, 
we have 

det{Ci[u] - Ci[v]) = det((ai[u] - oi[u])Ai) 
= (a 1 [u]-a 1 [v]) N det(A 1 ) 

7^0. 

Since the difference matrix of any two codewords is of full- 
rank, the STBC C(X 1 ,Ai) offers full diversity. ■ 

Let X = Y2i=i x lAu be such that A\, I = 1, . . . , K are 
full-rank. The STBC C(X, Ai X • • • X A K ) obtained from 
Theorem [5] is single real symbol encodable. Thus, if X 
were a g-group ML decodable, fast-decodable or fast-group- 
decodable design then the STBC C(X, Ai X • • • X Ak) is a g- 
group ML decodable, fast-decodable or fast-group-decodable 
STBC respectively. Most importantly, Theorem [5] ensures that 
C(X,„4i x ■ ■ • x Ak) offers full-diversity. 

The following theorem will be useful when we are con- 
structing STBCs with low ML decoding complexity. 

Theorem 6: Let X = YaLi x lM be an N x N de- 
sign in K real symbols with full-rank weight matrices and 
L e {1, . . . , K} be such that 

AfAj + AfA, =2-l{i = j} ■ I N for all 1 < i, j < L. (4) 

Given positive integers Qi, . . . , Qk and any set of one di- 
mensional real constellations Ai , . . . , Al with cardinalities 
Qi,...,Ql respectively, there exist one dimensional real 
constellations Al+i, - ■ ■ ,Ak such that 

1) \Ai | = Qi for L + 1 < I < K and 

2) the STBC C(X, A x X • • • X A K ) offers full diversity. 
Proof: Consider the design Xl = Ya=i x iAi and the 

STBC C(Xl,-4i x ••• x Al) generated using the signal 
sets A\ , . . . , Al for the independent variables xi,...,xl- 
Because {A±, . . . ,Al} satisfy the complex Hurwitz-Radon 
matrix equations (|4j, we have Q 



x L ff x L = 5>Mf^ = ( 



L 

1=1 



x i )In 

i=i 

Thus for any real signal sets A\ , . . . , Al 
Zq 1 x • • • x 'Lq l with a/tiwe have 



and 



L 

{C L [u] - C L [v]) h {C l [u] -C l [v]) = Y j ( a i H ~ a i [vi]) 2 In, 

i=i 



which is full-rank. Since the rank of any square matrix A is 
equal to the rank of A H A, we have det(CL[u] ~ Cl[v]) ^ 0. 
Thus the STBC C(X L ,-4i x • • • x Al) is of full diversity. 
By using Theorem |4] repeatedly K — L times with integers Qi 
and matrices Ai, L < I < K, we get the desired signal sets 
Al+i,...,A K - ■ 

IV. Low ML Decoding Complexity STBCs 

VIA CODES OVER F4 

In this section, we give a framework for constructing low 
ML decoding complexity STBCs using codes over F4. A 
subset of elements of Universal Clifford Algebras are seen 



to have multiplicative properties similar to (fTJ. We obtain 
low ML decoding complexity designs by choosing the linear 
dispersion matrices of designs from the matrix representation 
of these elements. We proceed in this direction by using a 
theorem that establishes an isomorphism between a Universal 
Clifford Algebra and a full matrix algebra of appropriate 
dimension over C. It is then observed that the set of tensor 
products of Pauli matrices is a double cover of the set elements 
in question from the Universal Clifford Algebras. We then 
define a one-to-one correspondence between the set of tensor 
products of Pauli matrices and vectors over F4, using which, 
the problem of finding low ML decoding complexity designs 
is converted to one of finding a set of vectors in F™ +1 , 
m > 1. Finally, we show that the maximal rate complex 
square orthogonal designs QQ, the 4 antenna quasi-orthogonal 

design 0, the 2 x 2 CIOD, the a b design ED and the 



design 11321 are all obtainable via codes over F4 



—6 a 

Let n be any positive integer. Denote by N n the set 
{l,...,n}. Let ei,...,e„ be elements of an associative 
algebra over C and a C N n . For any nonempty sub- 



< i 



we define 



and the element corresponding to the 



set a = {ii, . . . , i\ a \} with i\ < ii < 

empty set <p, = 1. 

Definition 6 (fi33^): Let n be a positive integer. A Universal 
Clifford Algebra U n is an associative algebra over C with a 
multiplicative identity 1 and generated by n objects e-y, . . . , e n 
that satisfy the following: 



-e,-ej for 1 < i < j < n, 



&i = —1 for i = 1, . . . , n and 
{e a |a C N n } is a C-linear basis of U„ 



(5) 
(6) 



From (O and ©, it is clear that for any a C N n , we have 
e a 2 — ±1- Also for any a, f3 C N n , either e a ep + epe a = 
or e a ep — epe a — 0. This property resembles (Q]) except for 
the conjugate-transpose. Hence, by representing the basis 
elements e^, i = 1, . . . ,n, using either Hermitian or skew- 
Hermitian matrices, we can obtain linear dispersion matrices 
that are Hurwitz-Radon orthogonal. Together with the fact that 
e Q 2 = ±1, i.e., e" 1 = ±e Q , it is clear that we need unitary 
representation of the basis elements. The following theorem 
gives a representation of a class of Clifford Algebras. The 
matrices X and Z were defined in Section U 

Theorem 7 (K33\l): For any positive integer m, the Uni- 
versal Clifford Algebra U2 m is isomorphic to the full 
matrix algebra C 2 x2 . The extension of the map 
efc — > Ek for fc = 1 , . . . , 2m gives an isomorphism of the al- 
gebras, where for s = 1, . . . , m, E s and E s+m are the m-fold 
tensor products given by 



i(Z< 



Z « iXZ <g> h 



Io] and 



E s+m = i(Z (g) • • • ® Z <g) X <g) I 2 ® ■ ■ ■ ® h), 
there being s — 1 factors of Z in each tensor product. 



From Theorem [7] we have that each E k , k — 1, . . . , 2m is 
unitary, squares to — I 2 m and thus is skew-Hermitian. With E a 
defined similar to e a for a C N 2m we see that all the basis 
elements are represented in terms of unitary matrices. The iso- 
morphism ensures that these matrices are linearly independent 
over C. Since we are concerned with the transmission of real 
symbols we note that B = {i x E a \X G Z 2 and a C N 2m } is a 
R-linear basis for £? m ^ m . With -B defined as {-b\b G B}, 
we have the following proposition. G m is the Pauli group (O. 

Proposition 1: B U —B = G rn . 

Proof: We note that both X and Z square to I 2 . Further, 
they anticommute. So it is clear that for any a C N 2m , 
-E a G G m . Since G m is closed under multiplication by 
ili-m and —I 2 m we have BU -B C G m . Note there are 2 2m 
distinct subsets of iV 2m , thus \B\ = 2 2m+1 . Since B is 
linearly independent over R, for any b E B we have —b^B. 
Equivalently 6 n -6 = 0. Thus, |B U -B| = 2 2m + 2 = \G m \. 
Thus BU-fi = G m . ■ 

Proposition Q] says that the weight matrices that are to be 
chosen from the matrix representation of the basis elements 
of Clifford Algebra can be equivalently obtained through the 
Pauli group G m . However, the set of matrices in the Pauli 
group is not linearly independent over R. Thus, we concern 
ourselves with a proper subset A m of G m which is maximally 
linearly independent and thus satisfies A TO U — A m = G m . One 
such set is 

A m = {i A Bi(g)- • -®B m \\ G Z 2 and B k G {I 2 ,iX,iZ, ZX}}. 

(7) 

Proposition 2: The set A m is a R-linear basis of C 2 " 1 * 2 ™ 1 . 
Proof: {l2,iX,iZ, ZX} is a basis for C 2x2 as a vector 
space over C. Thus their m fold tensor products form a C- 
linear basis for C 2 x2 . From this the required result follows. 

■ 

We now proceed by relating the set A m to F 2 ©F™. Consider 
the finite field F4 with 4 elements {0, 1, uj, uj 2 }, such that 
1 + oj = uj 2 . Define a map 

ip:{I 2 ,iX,iZ,ZX}^¥ 4 (8) 

that sends I 2 — > 0, iX -> 1, — > uj and — > uj 2 . 
Proposition 3: The map ip : A m — > F 2 F TO that sends 

i A Si <g> • • • ® B m -> [A, . . . , V(^ m )], 

is a one to one correspondence between A m and F 2 ® F™. 

Proof: Since -0 is one to one, it is clear that ip is one to 
one. Further |A m | = |F 2 eFJ l | = 2 2m+1 . Thus ip is surjective 
as well. This completes the proof. ■ 
Definition 7: The (Hamming) weight wt([A, £1, . . . , £ m ]) of 
a vector [A, £1 , . . . , f m ] G F 2 © FJ l is defined as 

m 

wt([A, a, ■ • - , U]) = 1{A ^ 0} + !{6 ^ o}- 

i=l 

Any matrix i G A m is either Hermitian or skew-Hermitian. 
The following proposition says that, whether the matrix t is 



Hermitian or skew-Hermitian can be found from its Hamming 
weight. 

Proposition 4: A matrix t G A m is Hermitian if wt(</>(£)) 
is even. Else it is skew-Hermitian. 

Proof: Let t = i x B 1 <g> ■ ■ ■ ® B m , B z G {I 2 , £X, iZ, ZX} 
and A G Z 2 . Except J 2 , which is mapped to under ip, the 
other 3 matrices are skew-Hermitian. Hence 

t H = ( _ 1) 1{A^0} -A g m i (^{B^}^ 
= ( _ 1) l{A^0} i A 8 m =i (.JJH^B^O}^ 

= (-l) wt ^(*^t. 

Thus, if wt(</?(£)) is even, i is Hermitian, else t is skew- 
Hermitian. ■ 

When the linear dispersion matrices of a design belong to 
the set A m , the Hurwitz-Radon orthogonality condition (Q]) can 
be reformulated in terms of the weight of the corresponding 
vectors in F 2 F m as follows: 

Proposition 5: For any £1, £2 G A m , we have 

if t 2 + t 2 t x = iff wt(<p(£i) + <£>(t 2 )) is odd, 

where the vector sum is component wise addition. 

Proof: Recall that any t G A m is either Hermitian or 
skew-Hermitian. Thus t^t 2 is skew-Hermitian iff f it 2 is skew- 
Hermitian. Let 

£ fe = i Afc ^ 1 (Cfe,i)« ) ---®V'" 1 (6,m) forfe = l,2. 

Note that ^"HO^ -1 ^) = ±^A~ 1 (C + for any (, 77 G F 4 . 
Hence, £it 2 

= ±t Al+Al V _1 (€l,l + ® • • • ® ^ _1 (fl,Ti. + 6,m) 

= ±^- 1 ( ¥J (£i) + ¥3 (£ 2 )). 

Thus, £j£2 is skew-Hermitian iff !/j _:L (<^(ti) + ip(t 2 )) is skew- 
Hermitian. Applying Proposition |4] tit 2 is skew-Hermitian iff 
wt(yj(£i) + <p(t 2 )) is odd. This completes the proof. ■ 

We now state the main theorem of this section. 

Theorem 8: If there exist K distinct vectors 
yi,...,yx GF 2 ®FJ l and a partition Ti,...,T g of 
{1, . . . , K} into nonempty subsets such that 

wt(j/fe + yi) is odd whenever k G T^, Z G Ij and i ^ j, 

then there exists a design ~K.(xi, . . . , xk) of dimension 
2 m x 2 m in AT real variables with unitary weight matrices 
and which is g-group ML decodable with the i th group being 
{.'•;,/■•, r,|. 

Proof: Given the K vectors as in the hypothesis, define 
Ak = (p^ 1 (ijk) G A m . The bijective nature of tp ensures that 
the K matrices Ak are distinct. Since A m is linearly indepen- 
dent over R, Ak, k = 1, . . . , K are also linearly independent 
over R. Define a design X(xi, . . . ,xk) as X = 2~2i=i x iAi. 
Applying Proposition [5] we get the i th ML decoding group as 
Ti. Since A, G A m , i = 1, . . . , K, Ai are unitary and are of 
size 2 m x 2 m . This completes the proof. ■ 



Theorem [8] converts the original problem of finding g-group 
ML decodable designs using weight matrices from A m to that 
of finding certain codes over F4. Once such a code is chosen 
in F2 © F™, the linear dispersion matrices can be obtained by 
the one to one correspondence (p. 

Definition 8: A design from F2 © F™ in K real symbols 
for 2 m antennas is defined as a subset S C F2 © F™ such 
that |S| = K. 

The 'design' S in the above definition corresponds to 
the matrix design X = Yli=i x i (p^ 1 (y i ), that is obtained by 
mapping the vectors in S = {yi, . . . , yx} to linear dispersion 
matrices in A m . Using Theorem[8] we now define (/-group ML 
decodable, FD and FGD designs obtainable via codes over F4. 

Definition 9: Let S C F 2 © F 4 " be a design. 

1) S = U? x Si or equivalently the set {Sk\k = 1, ... ,g} 
is said to be g-group ML decodable if for any y e Sfc, 
z e Si and k 7^ I, we have that wt(y + z) is odd. 

2) S is said to be fast-decodable or conditionally g-group 
ML decodable if there exists a g-group ML decodable 
design S' such that, S' C S. 

3) A g-group ML decodable design {Si\i — 1, . . . , g} 
is said to be fast-group-decodable if there exists an 
I G {1, . . . ,g} such that the design Si is fast-decodable. 

We now give examples of multigroup ML decodable designs 
obtainable from codes over F4. Let the number of groups be 
g and let each group have r vectors in it. The total number 
of vectors or the total number of real symbols in the design 
is thus K = gr. 

A. Alamouti Code 

The Alamouti Code ||251 is a 2 x 2 square complex or- 
thogonal design of rate 1. Its parameters are: m = 1, K = 4, 
g = 4 and r = 1. Its linear dispersion matrices are: I 2 , iX, 
iZ, and ZX. All the weight matrices belong to Ai. The 
four sets of vectors in F2 © F4 corresponding to the four 
groups are: Si = {[0,0]}, S 2 = {[0,1]}, S3 = {[0,w]} and 
S4 = {[0,w 2 ]}. It can be seen that the weight of the sum of 
any two different vectors is odd, thus the above design is single 
real symbol ML decodable. 

B. Other 2x2 codes of rate 1 

We now describe designs with parameters m = 1, K = 4, 
g = 2 and t = 2. There are only three such non-equivalent 
designs obtainable from Ai. They are parametrized by 
I £ {0, 1, 2} and are given by S = Si U S2, where 

Si = { [0, 0] , [1 , J] } and S 2 = { [0 , J] , [1 , 0] } . 

1) 1 = 0: The design is given by Si = {[0, 0], [1, 1]}, 
S2 = {[0, 1], [1,0]}. The two groups of weight matrices are 
Mi = {I,-X} and M 2 = {iX,U}. With T 1 = {1,2} and 
T2 = {3,4} the resulting design is 



X 



Xi 

-x 2 



1x4 
ix 3 



-x 2 

Xl 



1x3 
1x4 



2) 1 = 1: The design is given by Si = {[0,0], [l,w]}, 
S2 = {[0, ui], [1, 0]}. The groups of weight matrices are 
Mi = {I,-Z} and M 2 = {iZ,U}. With Ti = {1,2} and 
T2 = {3, 4} the design is given by 



X = 



xi — x 2 + i(x4 + X3) 

xi + x 2 + i(x4 — X3) 



If we transform the symbols within their groups as follows: 

and 



1 -1 
1 1 



1 1 
-1 1 



we get the 2x2 Coordinate Interleaved Orthogonal Design 

(CIOD)0, Xl+lX3 _ °.„ . 

x 2 + 1x4 

3)1=2: In this case, S x = {[0, 0], [1, u 2 }} and 

S2 = {[1,0], [0,w 2 ]}. The linear dispersion matrices are 

Mi = {I, iZX} and M 2 = {H,ZX}. With T x = {1,2} 

and T2 = {3,4} the resulting design is 



Xi + ix 3 X4 + ix 2 
-X4 — ix 2 xi + 1x3 



This is the 



a b 

—b a 



design 



C. 4 x 4 Quasi-orthogonal design from H30V 

Consider the rate 1 quasi-orthogonal design constructed 
in ll30l for 4 transmit antennas. The design contains 8 real 
symbols Xi,...,xg and is 4-group ML decodable. The pa- 
rameters are m = 2, K = 8, 5 = 4, r = 2 and R = 1. The 
design Xqod(h,. ■ ■ , x$) = J2i=i x iAi is 



X 



QOD 



Xi + iX2 
-X3 + iX4 

-xs + ix& 
XT + ix s 



X3 + 1x4 

X\ — iX2 
-X7 + ixs 
-x 5 — ixe 



x 5 + ix 6 

-XT + iX8 
Xl — 1X2 
-Xz — iX4 



X7 + IXs 

X5 — ixa 
X3 — 1x4 

Xi + iX2 



(9) 



The linear dispersion matrices, upto a sign change, are 

A X =I 2 ®I 2 , A 2 =iZ®Z, 

A3 = I 2 <E> ZX, A A = iZ® X, 

A 5 = ZX®I 2 , A 6 =iX®Z 7 

A 7 = ZX © ZX and A s = iX © X. 

It can be seen that all the 8 matrices belong to the set A2. The 
corresponding vectors in F2 © F™, yi = <p(Ai) are 



Vi = 


[0,0,0], 
[0,0, w 2 ], 


2/2 = 




2/3 = 


2/4 = 




2/5 = 


[0,w 2 ,0], 


2/6 = 


[1,1, w], 


2/7 = 


[0,w 2 ,u; 2 ] and 


2/8 = 


[1,1,1]. 



This is the 2 x 2 ABBA design ED. 



The 4 groups are Si = {yi, y 7 }, S 2 = {y 2 , y 8 }, S3 = {2/3, 2/5} 
and S4 = {y4,ye}- It can be seen that for any two vectors 
belonging to different groups, the Hamming weight of their 
sum vector is odd. 



D. Square Complex Orthogonal Designs of maximal rate 

Square Complex Orthogonal Designs [8| are square designs 
X(a;i, . . . ,xk) such that X ff X = (E i=1 x i)I- Such designs 
offer both single real symbol decodability and full diversity 
when arbitrary real constellations are used to encode each of 
the real symbols Xi. Maximal rate square complex orthog- 
onal designs were constructed in (8|. These designs are of 
dimension 2 m x 2 m , m > 1, and have a rate of R = 
cspcu. These designs are obtainable from codes over F4. There 
are 2m + 2 groups containing one vector each. These vectors 
{Uk\l < k < 2m + 2} are given below. For k = 1, . . . , to, 

Vk = [l{k is even}, 0, . . . , 0, w 2 , w, . . . , u] and 
Vk+m = [l{k is even},0, . . . ,0,l,u, . . . 

there being m — k zeros in each vector, 

y-Zm+x = [l{m is even}, w,...,u] and y 2m+2 = [0, 0, . . . , 0] . 

V. Known and some new Multigroup ML 
Decodable STBCs via codes over F 4 

In this section, we construct multigroup ML decodable 
designs via codes over F4. We give three recursive procedures 
to construct a multigroup ML decodable design for 2 m+1 
antennas by using a multigroup ML decodable design for 
2 m antennas. These recursive constructions are then used to 
obtain 4-group ML decodable codes. We show that the ABBA 
codes ED, all square CIODs |0, the Precoded CIODs fl2l . 
the DAST codes [34], the 4-group ML decodable codes 
of ll32l . the GABBA codes [35] are all particular examples 
of multigroup ML decodable STBCs obtainable via this ap- 
proach. Finally, g-group ML decodable codes for arbitrary 
g > 1 are constructed from codes over F4. These designs 
meet the (R, g) tradeoff attainable by the class of CUWDs (HD 
constructed in fl2l . 

A. Construction A 

Let us denote [1, 0, . . . , 0] E F 2 ©F™ by S m . The following 
proposition describes a method to construct a (/-group ML 
decodable design for 2 m+1 antennas using a g-group ML 
decodable design for 2 m antennas. 

Proposition 6: Let I <= {0, 1,2} and 

{S i = {y i , j \j = l,...,\T i \}\i = l,...,g} be a 2 m x 2 m 
(/-group ML decodable design of rate R. Then 
{S,\i = 1, ... ,5} is a 2 m+1 x 2 m+1 (/-group ML decodable 
design of rate R, where Si — Si y A U Si.B with 

S iiA = {[y id ,0]\j = l,...,\r i \ }and 

St,B = {[Vi,i,u l ] +S m+ i\j = 1,. . ., \Ti\ }. 

Further, if for any i E {1, . . . , g}, wt(y + z) is even for every 
y,z E Si, then wt(j/ + z) is even for every y,z E Si. 

Proof: We first show that the design {Si} is of rate R. 
For any i E {1,. . . ,g}, S iyA H S iyB = <t>- Thus, \Si\ = 2|<Sj|. 
Hence, the rate of the new design is 

2»n+2 2 m + 2 2 m + 1 



We next prove that the design {Si} is g-group 
ML decodable. Let 1 < i\ < i<i < g, yi E Si 1 and 
y 2 G S l2 . Then, y x G {[j/i, 0], + 5 m +i} and 

^2 G {[j/2,0], [V2,w l ] + 5 m +l} for some y 1 E S h and 
2/2 G Si 2 . Hence, 

yi + V2 G {[yi + 2/2,0], [yi + 1/2, w'] + 5 m+1 }. 

We now show that both the vectors [yi + y 2 , 0] and 
[yi + y2,u l ] + <5 TO +i have odd weight, i.e. their 
weight, w = 1 mod 2. Since {6>i} is a g-group 
ML decodable design and yx, 2/2 belong to different 
groups of this design, wt(yi + y 2 ) = 1 mod 2. Hence, 
wt([j/i, 0] + [2/2,0]) = 1 mod 2. We have, 

wt([yi + 2/2, w z ] + 5 m+ i) = wt([j/i + 2/2, w']) + 1 mod 2 

= wt( [2/1 +2/2,0]) + 1 + 1 mod 2 
= wt( [2/1 +2/2,0]) mod 2 
= 1 mod 2. 

We now prove the second part of the proposition. 
Let y,zESi for some i E {1, . . . , g}. Then, 
V G {[2/,0], + 5 m+ i} and 2 e {[2, 0], [z, w J ] + <5 m+ i} 
for some y, z E Si. From the hypothesis 
of proposition, wt(y + z) = mod 2. Now, 
2/ + z E {[y + z, 0], [y + z, w ; ] + S m+ i}. We now show 
that both these vectors are of even weight. Clearly, 
wt([y + z, 0]) = mod 2. Also, 

wt([y + z, oj 1 ] + 8 m +i) = wt([j/ + 2, w ]) + 1 mod 2 

= wt([2/ + z,0]) + l + l mod 2 
= wt([y + z,0]) mod 2 
= mod 2. 

This completes the proof. ■ 
Let y = [A, £1, ... , Cm] G F2 © FJ 1 and a be any permuta- 
tion on {1, ... , to}. Define a : F 2 F™ -> F 2 F!p as 

°"(y) = [ A ,C<r(l),---,C CT (m)]- 

Thus, a is a permutation of coordinates of y. In terms of 
linear dispersion matrices, the action of a is to permute the 
order in which the 2x2 matrices, Bk E {I 2 ,iX,iZ, ZX}, 
k = 1, . . . , to, appear in the Kronecker product representation 
i x B 1 <E) ■ ■ ■ ® S m . 

Proposition 7: Let 5CF 2 ffi F 4 ™ be a g-group ML de- 
codable, FD or FGD design and a be any permutation on 
{1, . . . , m}. Then, S — {a(y)\y E S} is a (/-group ML de- 
codable, FD or FGD design respectively. 

Proof: The action of a on the vectors is just a 
permutation of the coordinates. Thus, for any y, z E ¥ 2 © F m , 
o"(y + z) = a(y) + a(z) and wt(er(y)) = wt(y). Thus 
wt(a(y) + <j(z)) = wt(a(y + z)) = wt(y + z). The desired 
result follows from Definition [9] ■ 

Corresponding to I = 0, 1 and 2 in Proposition [6] and a in 
Proposition [7] we get different recursive constructions that give 
us a (/-group ML decodable design for 2" i+1 antennas by using 
a g-group ML decodable design for 2 m antennas. 



Proposition 8: Let X = E<=i x % A i be a g-group ML de- 
codable design such that Ai e A m , i = 1, . . . , K and W be 
an identical design but in a different set of real variables. Then 
each of the following designs is (7-group ML decodable: 



of a different set of variables to*, i.e., w = J2ti Vi A i- Both 
X and W are Jf -group ML decodable, K = 2m + 2, and 
are obtainable via codes over F4 (See Section HV-Dl i. From 
Proposition [8] using (fTTT i. the design 

E2=i i x i - w i) A i 

Y^i=l( X i+ W i) A i 

is if -group ML decodable. The K groups of symbols are 
{xi, Wi}, i = 1, . . . , K. By transforming the symbols within 
each group as 



X 
W 



w 

X 



(10) 



and 



(11) 



X w 
X w 

X iW" 
-iW X 

Proof: Proposition |7] is used along with Proposition [6] to 
arrive at these constructions. We now describe how construc- 
tion ( [Tol l is obtained from Proposition [6] Proofs for the other 
two constructions can be obtained in a similar way by choosing 
I = 1, 2 in Proposition [6] and hence are avoided here. 

Let {<Sj|i = 1, . . . , g} be a g-group ML decodable de- 
sign and S = U^ =1 5i. Then p~ 1 (S) = {A±, . . . , A K } is 
the set of linear dispersion matrices. Let {x\, . . . , xr} and 
{u>i, . . . , wk } be two different sets of real variables. Define 

X = x i A i and W = Ei-Ll w i A i- Let {SiV = l,.-.,Sf} 

be the design constructed according to Proposition [6] with 
I = and let S — Uf =1 Si. Then < ( 9 _1 ( l S) is the set of linear 
dispersion matrices corresponding to the new design. From 
Proposition [6] it is clear that S = Sa U Sb where 

S A = {[y,0]\y G S} and S B - {[y, 1] + S m+1 \y e S}. 

Let a be the permutation on {l,...,rn + 1} given by 
<r(l) = m + 1 and er(fc) = k — 1 for fc > 1. Using 
Proposition|7]on the design {5^ \i — 1, . . . , g} we get a g-group 
ML decodable design with the set of linear dispersion matrices 
as o a(S) = ip^ 1 o ct(Sa) U t^" 1 o ct(<Sb). But we have 



a(S A ) = {h®AAi = 1,...,K} = 
s ^o<j(S B ) = WX^A^i = 1,...,K} 



ip o 
-1 



Ai 






At 



and 



-Ai 
-A, 



Associating the variables {x{\ with matrices in ip^ 1 o <t(5a) 
and variables {— wj with those in tp -1 o ct(5b) we get the 
design in ( TlOt . ■ 

Proposition |6] gives a large class of multigroup ML de- 
codable STBCs via codes over F4. The following multigroup 
ML decodable STBCs available in the literature are particular 
examples of STBCs belonging to this class of codes. 

Example 2: ABBA Construction OTl : Construction ( TTOb 
was first proposed in [31] and is known as ABBA construction. 
In OTl . using the ABBA construction recursively and appro- 
priate puncturing of columns, rate 1 codes were obtained for 
number of antennas N > 3. In 1121 . algebraic description of 
ABBA construction was given based on matrix representation 
of Extended Clifford Algebras. 

Example 3: Square CIODs 0: Let X = 2~2i=i x i A % be a 
maximal rate square complex orthogonal design [8| of size 
2™ x 2 m , m > 1. Let W be identical to X, but be composed 







"1 


-f 






Zi+K_ 




1 


1 




U>i_ 



we arrive at the design 

Z(zi, . . .,Z2k) = 



J2i=l z i A i 





1, 



E 4 =i z t+K A l 



in 2K real symbols {zi}. The design Z(zi, . . . , z<zk ) is 
equivalent to the 2 m+1 x 2 m+1 CIOD, m > 0, constructed 
in 0. In 0, for each I = 1, . . . , K, Zi + izi + k assume values 
from a rotated QAM constellation, with the angle of rotation 
chosen to maximize diversity and coding gain. This code is 
single complex symbol (double real symbol) ML decodable 
with the symbol groups as {zi, zi + k}, I = 1, . . . ,K, 

Example 4: Precoded CIODs HI 21 : In [12], rate 1, 
4-group ML decodable codes called Precoded CIODs were 
constructed for even number of transmit antennas. We now 
show that these codes can be obtained via codes over F4. 
In Section IIV-AI we showed that the Alamouti design is 
obtainable from codes over F 4 . Let {Ai,...,i 4 }cC 2x2 
be the weight matrices of the Alamouti design, which is 
4-group ML decodable, and let n > be an arbitrary integer. 
From Proposition [8] by applying the construction ( fTTT i over 
the Alamouti design n times, we will get a 4-group ML 
decodable, rate 1 design for 2™ +1 antennas. It can be shown 
that the resulting design Z 2 n+i, in 2 n+2 real variables 
{x id \l= 1,...,2", j = 1,...,4}, is rfia 5 (X 1 ,...,X 2n ), 
where the 2x2 designs X^, t = 1, . . . , 2", are given 

Aj. Here, U = [ug^] is 



by X £ = Y? j=1 (ELi u l,hX k ,j 
the 2" x 2" Hadamard matrix 



-1 
1 

.,2 



} 



decoding groups are {xtj\£=i, 
to j = 1, . . . , 4. Let x T] = [xi tj 
zvj = [zi,j,---,Z2»,j] T for i = l, ...,4. 
following transformation of the symbol 
4: zr = Uxy,. Then, 



The 4 ML 

corresponding 
T and 



X 2 n ;jS 

Consider 
vectors 



J 



1. 



Z 2 n+1 

4 

z ^ A i = 



diag(Zi, . . . ,Zi2n), where 



the 

x r 3 , 

(12) 



ZlA + «Z£,2 

-2:^3 + iz tA 



Z13 + iziiA 
zi.i - izi.2 



for £ = 1, . . . , 2". The design (H2} is the Precoded CIOD for 
2«+i antennas. In [12], the symbol groups zv,, J = 1, ■ • ■ ,4, 
were encoded independently using a finite subset of rotated 
Z 2 constellation. The rotation matrix was chosen to provide 



full diversity and large coding gain [361 , [37). Precoded CIODs 
for even number of antennas, < N < 2 n+1 , can be obtained 
by removing the last 2m, < m < 2™, columns of ( TT2l . The 
design thus obtained, say Z 2n +i_ 2m , will be for 2 n+1 — 2m 
antennas and will have delay 2 n+1 . But, the design dTZb has 
block diagonal structure and thus the last 2m rows of the new 
design Z 2 n+i_ 2m will contain only zero entries. Removing 
these 2m redundant rows, we get a square, 4-group ML 
decodable design, which is the Precoded CIOD for 2™ +1 — 2m 
antennas constructed in IfTZl . 

Example 5: DAST codes [34): In |34|, rate 1, 2-group 
ML decodable codes called Diagonal Algebraic Space-Time 
(DAST) block codes were constructed for all number of 
antennas N > 1. We now show that these codes are a specific 
example of STBCs obtainable via codes over F4. Let n > 
be an arbitrary integer. We have shown in Section IIV-B2I 
that the 2-group ML decodable, rate 1, 2 x 2 CIOD is 
obtainable via codes over F4. Applying construction (fTTT i 
n times repeatedly on the 2x2 CIOD we obtain a rate 
1, 2-group ML decodable design Z 2n +i, in real variables 
{xi, . . . ,x 2 n+2}, for 2" +1 antennas. Since the 2 x 2 CIOD 
is a diagonal matrix, the new design Z 2 n+i is also diagonal 
with the I th diagonal entry as 



2 „H 



^ u e ,kXk + i ui yk x k+2 ™+i , £ — 1, . . . , 2 



n+l 



= [Ut,k 
n+l 



k=l 

Here, U 

1 -1 

1 1 
and {x 1+2 n+i 
each group as 



k=l 

is the 2 n+1 x 2 n+1 Hadamard matrix 

. The ML decoding groups are {xi, . . . , x 2 «+i } 
,...,x 2 n+2}. Transform the variables within 



[zi, . . . ,Z 2 n+l 
[z 1+2 "+i, . . . , Z 2 ™+2 



= U[xi, . . . ,x 2 n+i] J 
T = U\xi 



'1+2^ 



In terms of the variables {zj}, the £ 



th 



and 

lT 

..,X 2 n + 2\ . 
1=1, 



,2 r ' 



diagonal entry of Z 2n +i 
r and \z 



\zi, 



,Z 2 „+iJ 



IS 

2 „+l, 



zt + iz t+2n +i. By making 
. . , z 2 "+ 2 ] T take value inde- 

2 „4 



pendently from a finite subset of rotated Z constellation, 
we get the DAST codes given in (34) for N = 2 n+1 . The 
rotation matrix is chosen to maximize diversity and coding 
gain. When < N < 2" +1 , 2-group ML decodable 2 n+1 x N 
design Zn can be obtained from Z 2n +i by puncturing the last 
2 n+1 — N columns. Since, Z 2n +i is a diagonal matrix, the last 
2" +1 — N rows of Zn will have only zero entries. Removing 
these 2 n+1 — N redundant rows we get the N x N, 2-group 
ML decodable DAST code reported in [34). 

B. Construction B 

The following proposition gives a procedure to obtain 2- 
group ML decodable designs for 2 m+1 antennas using 2-group 
ML decodable designs for 2 m antennas. 

Proposition 9: Let I € {0, 1,2} and 



{St = {yi,j\j = i,...,|r< 



1,2} be a 2 m x T 



following condition for each £ = 1,2: 

wt(y + z) is even for every y, z £ Si. 

Let S liA = {[yi,j,0]}, S it B = {\yi,j,u 1 ]}, Si = Si,A U5 2 , B 
and S 2 = S 2A U S X>B . Then, {5i,«S 2 } is a 2 m+1 x 2 m+1 , 
2-group ML decodable, rate R design which satisfies the 
following condition for each £ = 1,2: 

wt(y + z) is even for any y, z e Si. 

Proof: Similar to the proof of Proposition [6] ■ 
By using different values of I in Proposition [9] and using 
Proposition [7] we get different recursive constructions. 

Proposition 10: Let X = Y^f=i x iAi and 

W = X)i=i w iAi be rate R, 2-group ML decodable 
designs for 2 m antennas, such that Ai E A m , i = 1, . . . , K, 
for some m > 1. Let Ti U T 2 = {1, . . . , K} be the partition 
of the symbols into two ML decoding groups, such that the 
corresponding vectors of F 2 © satisfy the hypothesis of 
Proposition [9] Then, the following designs for 2 m+1 antennas: 

X iW 
iW X 



X + iW 
X -iW 

X w 
W X 



and 



(13) 



group ML decodable, rate R design which satisfies the 



are of rate R, 2-group ML decodable, all the weight matrices 
belong to A„ l+ i and their corresponding vectors in F 2 © F™ 
satisfy the hypothesis of Proposition [9] 

Proof: These designs can be obtained from Proposition [9] 
in the same way as construction dTOb was obtained from 
Proposition [6] ■ 

C. Construction C 

The following proposition gives a procedure to obtain 
4-group ML decodable designs for 2 m+1 antennas using 
2-group ML decodable designs for 2 m antennas. 

Proposition 11: Let {Si = {y it j\j = 1, . . . , \Ti\}\i = 1, 2} 
be a 2™ x 2 m , rate R, 2-group ML decodable design which 
satisfies for each £ = 1,2 

wt(y + z) is even for any y,z e S i} 

and £j, i = 1, . . . , 4 be any choice of distinct elements of F4. 
Then, {S,\i = 1, ... ,4} is a 2 m+1 x 2 m+1 , rate i?, 4-group 
ML decodable design, where 

S 1 = {iyi d ,ti]},S 2 = {bij,t2]}, 

S3 = {[y2,j,£a] +<5 m+ i} and 5 4 = {[y2,j,^i] +5 m +i}- 

Proof: Similar to the proof of Proposition [6] ■ 
There are 4! = 24 ways of choosing £j, i = 1, ... ,4, in 
Proposition QT] However, it can be shown that {^1,^2,^3,^4}, 
Ui,?2,?4,6}, {£2, £1,6, £4} and {£>, 6, £4, 6} all lead to 
designs which are same upto relabeling of variables. Thus 
Proposition QT| gives us 6 constructions. However only 4 of 



them are unique i.e. lead to non-equivalent designs. Two 
others can be obtained by permutation of columns and re- 
labeling of variables of one of the 4 non-equivalent designs. 
These 4 constructions correspond to the following choices of 
{0,1, w,w 2 }, { W ,w 2 ,0,l}, {l,w 2 ,0,u;} and 

{ W ,l,0,w 2 }- 

We now give a procedure to construct a 4-group ML 
decodable design for 2 m antennas, m > 1, using any 2-group 
ML decodable design {6>i,6>2} for 2 m antennas, k > 1, 
which satisfies the following condition for each i = 1,2: 

wt(y + z) is even for any y, z e Si. 

Define Step A and Step B as the following steps. 

• Step A: Apply any one of the 6 constructions choosing 
from Propositions [6] and [9] and I = 0, 1 or 2. 

• Step B: Apply any one of the 4 constructions choosing 
from those provided by Proposition QT| Follow it by an 
application of Proposition [7] with any a. 

The construction procedure is as follows: Starting with the 
design {6>i,6>2} apply Step A k — 1 times followed by one 
application of Step B. 

Example 6: 4-group ML decodable codes in l\32]l , H35V : We 
now show that the recursive constructions in [32 1 and [35 1 are 
particular applications of the above algorithm. To explain this, 
we need the following proposition. 

Proposition 12: Let {Si,^} be a 2-group ML decodable 
design obtained through the application of any of the construc- 
tions in Propositions [6] and [9] on the 2-group ML decodable 
design {iSi,^}- If S\,S2 have even and odd weight vectors 
respectively, then S\,S2 have even and odd weight vectors 
respectively. 

Proof: Similar to the proof of Proposition [6] ■ 

Let Mi = tp^ 1 (Si), i = 1,2, be the i th group of linear 
dispersion matrices. Both constructions, IT321 and (35], start 
with the trivial design for one antenna, X = (xi + 1x2). 
This design satisfies the hypothesis of Proposition Q~2] Thus, 
at the end of k — 1 applications of Step A, the resulting 
code {6>i,6>2} will be such that M.% has Hermitian and M. 2 
has skew-Hermitian matrices. In such a scenario the matrix 
representation of the four constructions in Proposition QT| are 
given as follows. 

Let {6>i,6>2} be a two group ML decodable design satisfy- 
ing the hypotheses of Propositions QT| and Q~2] Let X be the 
design obtained from {6>i,6>2} and let W be identical to X 
but be composed of a different set of variables. Define for any 
square matrix A, A H = \{A + A H ) and A S h = \{A - A H ). 
These are the Hermitian and skew-Hermitian parts of A. The 
following 4-group ML decodable designs can be obtained 
using Proposition [TT] 



" X H 




iW H 


X 


iX 


W H 


-W 





iX SH - W SH W H 4 
-Wh + iXh iXgH-t 

X w 
W H X H 



W SH 



and 



(14) 



The above constructions can be obtained in a way similar to 
which ABBA construction was obtained from Proposition [6] 
and by using the fact that A4i has Hermitian and A4 2 has 
skew-Hermitian matrices. 

Constructions in [32] and [35] start with X — (x-y + ix 2 )- 
Constructions in 11321 use either ( fTOb or (fT~3T > for the first 
application of Step A and uses ( fTOb for each of the remaining 
k — 2 applications of Step A. The last step in 1321 is the 
application of 

r x -w H " 

w X H 



(15) 



for Step B. This construction, known as the Doubling con- 
struction, was first given in [38 1 and was used in that paper 
to obtain 2-group ML decodable STBCs from Division Al- 
gebras. But (TT3T > is same as (Tl4l upto relabeling of variables. 
Constructions in 11351 use ( fT3l for each of the k— 1 applications 
of Step A and £[4]i for Step B. 

D. g-group ML decodable designs for g > 1 

In this section, we construct a new class of g-group ML 
decodable designs, g > 1, for the case when the number of 
real symbols in each group is same and is equal to a power 
of two i.e. t = 2 a . We then show that the constructed class 
of codes meet the (R, g) tradeoff of Clifford Unitary Weight 
Designs (CUWDs) that have 2 a real symbols per ML decoding 
group. The new g-group ML decodable designs are for number 
of transmit antennas = 2 b , where b > [f — ll . We give the 
construction procedure in two cases, one for even g and the 
other for odd g. 

Case 1: Let us first consider the case where g is even. 
Say g = 2m + 2, m > 0. We start with a square orthogonal 
design for 2 m antennas. We already saw that square orthogonal 
designs are obtainable from F2 © F™. Such a design has rate 
R = Tjrlr 1 and has 2m + 2 groups, with one real symbol 
per group. Now, we apply the recursive construction given in 
Proposition [6] on this design a times. Each of the applications 
can use any of the three constructions given in Proposition [6] 
and can be followed with an application of Proposition [7] with 
arbitrary permutation function a. According to Propositions [6] 
and |7] the resulting code will be for 2 m+a antennas, with 
g = 2m + 2 groups and rate R — I! ^r- Number of real 
symbols will be 

K = 2 x R x Number of antennas = 2(m + 1)2°. 

Therefore, the number of real symbols per group r = 2 a as 
required. The rate in terms of g is R — i^j2- 

Case 2: Now consider the case when g is odd. Suppose 
g = 2m + 1 for some m, define g' = g + 1 = 2m + 2, m > 0. 
Since g 1 is even, we can construct a (/-group ML decodable 
design for r = 2 a as described above. This design for 2 m+a 
antennas will have g + 1 groups. This is more than what is 



required. The desired design is obtained by removing any one 
group from this design. The rate of the resulting design is 

n — 2 2^ — ^iTT' 

Thus, for a given g > 1, a rate of 

R = La +ij cspcu, (16) 

is achievable using STBCs via codes over F4. Since a g-group 
ML decodable square complex orthogonal design exists for 
2 T# — x l antennas El, the construction procedure described 
above can be used to obtain g-group ML decodable designs 
for any number of transmit antennas 2 b with b > [| — 1]. 
In HI), the (R,g) tradeoff of the class of CUWDs for which 
t is a power of 2 was characterized. The maximum rate of any 
CUWD for a given g > 1 and r = 2 a is precisely ([T6) fl2l . 
Thus, whenever the number of symbols per group is a power 
of 2, STBCs via codes over F4 can achieve any rate achievable 
by CUWDs. 

VI. New Fast-Group-Decodable and 
Fast-Decodable Codes 

In this section, we construct a new class of FD and FGD 
STBCs for number of antennas N — 2 m , m > 1, and rates 
R > 1 via codes over F4. These STBCs have full diversity and 
cubic shaping property. The new STBCs which are of full-rate, 
i.e., that have R = N, are information-lossless. We derive the 
complexity of ML decoding the new class of STBCs. Next, we 
show that the FGD code constructed in ll28ll is a specific case 
of STBCs obtainable from codes via F4. Using this result, we 
show that this code possesses cubic shaping property. We then 
propose full-diversity constellations for designs in fl4l . |fT31 
that reduce the complexity of ML decoding. We then compare 
the ML decoding complexity of the new STBCs with other 
FD and FGD STBCs in literature and show that for a large 
set of (N, R) pairs, the new STBCs have the least known ML 
decoding complexity in the literature. Finally, we show that 
the 4 antenna rate 2 code of [16], the 2 antenna code in ifTTl 
and the Silver Code |2"TI . 11221 . Il23l are all specific examples 
of STBCs obtainable via codes over F4. 

A. A new class of FD and FGD codes 

We first propose a new class of rate 5/4 FGD designs for 
2'™, to > 2 antennas. These designs are extended to obtain FD 
designs with rates R > 5/4. FGD designs of rate less than 
5/4 are obtained by puncturing. For to = 1, i.e., N = 2, FD 
codes of rates 1 < R < 2 are obtained by puncturing the fast- 
decodable Silver code 1211 . 11221 . It is shown in Section [VI-G3l 
that the Silver code is obtainable via codes over F4. 

Let the number of transmit antennas be 2™, to > 2. 
Let £i,&eF 4 \{0}, ft ±ti and £3 = £1 + 6- 
Define 5 6 = {[0, Ci, • ■ • , Cm]|Ci G {0, £i},t = 1, . . . , m}, 
&a = {y G ^il wt (y) * s even } and $b = <%! \ Sa- Let 
v m = [1{to is even}, ■ ■ ■ ,6] and 6 m = [1, 0, . . . , 0]. 
Define S c = v m + S A , S D = v m + S B and S E = S m + S A . 
Let Si = Sa and S 2 = ^je{B,c,D,E}Sj- 

Proposition 13: Every vector in the set ^je{B.c.D,E}Sj 
has odd weight. 



Proof: By construction, all the vectors in Sa have 
even weight and all vectors in Sb have odd weight. Con- 
sider any vector [A, £1, • ■ ■ , Cm] G S c U S D = v m + . For 
each i = 1, . . . , m, Q e {£ 2 + 0, £ 2 + £1} = {6,6} and thus 
C, 7^ 0, i = 1, . . . , to. Also, A m = 1{to is even}. We have, 

m 

wt([A, Ci, ■ ■ • , Cm]) = l{m is even} + ^ 1{0 + 0} 

i=i 

= 1{to is even} + to 
= 1 mod 2. 

Hence, all the vectors in Sc and Sd have odd weight. 
Let, ue G Se- Then, there exists a i/a G Sa such that 
Ve = S m + Da- We have, 

wt(jjE) = wt((5 m + da) = 1 + wt(j/A) = 1 TOod 2. 

Thus, every vector in Se has odd weight. ■ 
Proposition 14: {Sa, Sb,Sc,Se>} is a 4-group ML decod- 
able, rate 1 design. 

Proof: Note that Sa is a subgroup of the abelian group 
F 2 © ¥f ' and 5 B = 7m + 5 A , where 7m = [0, 0, . . . , 0, Ci]. 
Thus 5s, 5c and Se are cosets of the subgroup Sa and are 
obtained via the translates j m , v m and j m + v m respectively. 
From Proposition [T3l all three cosets, Sb, Sc and Se, have 
only odd weight vectors. Also {0,7 m ,^ m ,7 m + v m } is a 
subgroup of F 2 © F™. Since F4 has characteristic 2, every 
element of F 2 © F™ is its own inverse. 

Let i,j e {A, B, C, D} and i^j. Let yt e Si 
and j/j € 5j . Then, there exist m , Uj G Sa and 
G {0, } with Wi ^ Wj 

such that yi — Wi + Ui and = Wj + Uj . Thus 
V% + 2/j = ^ + Wj + Ui + Uj = w + u for some u £ Sa 
and ui € {7™, ^m, 7m + ^m}- Thus, yi + yj is an element of 
^ke{B,c,D}Sk and hence has odd weight. From Definition [9] 
the given design is 4-group ML decodable. 

The number of elements in S^ is 2™\ Thus \Sj \ — 2™ l_1 
for j £ {A, B,C, D}. It is straightforward to show that the 
four subsets are mutually non-intersecting. Thus the rate of 
the proposed design is 4 2 \fm = 1. This completes the proof. 

■ 

Proposition 15: The design {Si, 6> 2 } is 2-group ML decod- 
able. 

Proof: The design {Sa, Sb, Sc, Se} was shown to be 
4-group ML decodable in Proposition [14] It is enough to 
show that for every tja £ Sa and i/e £ Se, yA + ys has odd 
weight. Now, Se is a coset of the additive subgroup Sa and 
hence ija + ys £ Se- But, from Proposition [T3l every vector 
in Se has odd weight. This completes the proof. ■ 

In order to obtain STBCs with cubic shaping and full diver- 
sity, we chose £1 = ui and £ 2 £ F4 \ {0, uj}. For to > 2, define 
t = [0, 0, . . . , 0, u, u] £ ¥ 2 © F™. For j £ {A, B, C, D, E}, 
if y £ Sj, then y + t£Sj. This means that the set 
F 2 © F™ \ Si U £> 2 is also closed under addition by t. 

From Propositions [14] and Q3] we see that {6>i,<S 2 } is 
an FGD design of rate 5/4. The design 5 2 is conditionally 
3-group ML decodable with the conditional groups as Sb, 



and large coding gain is design specific and is not dealt 

with in this paper. Note that encoding x y j + ix V: Q using the 

constellation e l0y Am-qam is same as encoding the symbol 

vector [x y j, x V: q\ t using a constellation carved out of rotated 

n,9 , , , • • • cos(9 v ) —sin(6 v ) 

ki lattice, where the rotation matrix is . ) A "( ;„"; 

sin{Vy) COS(t)y) 

This fact is used in the next section to prove the cubic shaping 
property of the new STBCs. 



Sc and Sd- Designs with rates 1 < R < 5/4 are obtained 
from Si U S 2 by puncturing symbols from Se- Puncturing of 
vectors in Se is done in pairs {y,y + t} for y g Se- This 
ensures that the remaining set of vectors in the design is 
closed under addition with t. When we need designs with 
rates R > 5/4, we choose a subset OcF 2 ffi Wf \ Si U S 2 , 
which is closed under addition with t and which is of 
cardinality 2 m ~ 1 (4i? — 5). Closure can be guaranteed by 
choosing vectors for the set O from F2 © F™ \ S\ U 6>2 in 
pairs {y, y + t}, since for every y £ F 2 © F™ \ Si U S 2 , we 

have y + t e F 2 © F™ \ Si U <S> 2 . The proposed design of rate B. Cubic Shaping and information-losslessness 
R > 5/4 is Si U 6>2 U O, which is fast-decodable. Thus, for 
every N = 2™, m > 2, antennas and rate R > 1, we have con- 
structed a low ML decoding complexity design S C F2 © F™ 
with the property that, for every y G S, we have y + t € S. 
Thus, S can be partitioned as Si U Sq, where Sq = t + Si. 
We have the following proposition. 

Proposition 16: Let y e F 2 © F™, m > 2. Then, the 
2 m x 2 m matrix ^(y) + iyj" 1 ^ + t) is of full rank. 

Proof: Let y = [A, a\, . . . , a m ] T and 

i = [0, . . . ,0,L),u] = \p,pi, . . . ,/?,„]. Note that 

for any a, /3 <E ¥4, the map -0 (|8j is such that 
^ _1 (a +fi) = ±%p- 1 {a)^ 1 {(3). Now, 



f 1 {y + t) = ( P + p,ai+ /3i,...,a m 



■Pr, 



= ±<p~ 1 (y)-<p- 1 (t) 

= ±(p~ 1 (y) ■ D, where, D = I 2m - 3 © Z © Z. 

Note that the matrix D is unitary, diagonal and all of its 
entries are real. Hence, /2 m ± iD is also diagonal, with non- 
zero diagonal entries. Hence, /2 m ± iD is of full rank. We 
have, 93~ 1 (y) + i(y5 _1 (y + t) = (p^ 1 (y) + i(p~ 1 (y)D. Thus, 
<p- l iy)+iip- 1 (y + t) = <p- 1 (y)(I 2 m±iD). Since ^{y) 
is unitary and 7 2 m ± iZ? is full ranked, the matrix 
L P~ 1 (y) + if~ 1 {y + is Ml ranked. ■ 
We construct full diversity STBCs from the design S by 
using rotated QAM constellations. The proposed matrix design 
is 

X = (xyJ^ 1 ^) +Xy,QV~ 1 (y + *)) , 

yes r 

where ip is the map in Proposition [3] For a given square 
integer M, the complex symbols x y j + ix V: Q, y G Si, are 
encoded using the rotated QAM constellation e l9y Am-qam, 
where Am-qam is the square M-ary QAM constellation 
with zero mean and unit minimum Euclidean distance. From 
Theorem [3] a sufficient condition for the existence of 9 y 
leading to full diversity is that for each y 6 Si, the matrix 
L P~ 1 (y) + if^ 1 {y + *) be of full rank. From, Proposition [T6l 
we see that this is indeed the case. Hence, full diversity 
STBCs can be obtained from the new designs by encoding 
the symbols pairwise using rotated QAM constellations. The 
problem of choosing the rotation angles for full diversity 



We now show that if a 2™ x 2™, m > 1, design has 
all its weight matrices from the set A. m (O, and if the K 
real symbols of the design are encoded using a constellation 
carved out of rotated Z K lattice, then the resulting STBC has 
cubic shaping property. Note that this includes the case where 
the K symbols are partitioned into K/2 encoding groups 
Ti, . . . ,T K/2 , and the I th group, 1 < i < K/2, is encoded 
using a constellation carved out of rotated Z 2 lattice. Hence, all 
the new STBCs of Section lVLAl for N = 2 m ,m>2 antennas 
have cubic shaping property. For N — 2, full diversity STBCs 
obtainable via codes over F4 can be obtained by puncturing 
the Silver code fl2~Tl . |22l . It is well known that this code has 
cubic shaping property and hence the resulting STBCs after 
puncturing will have cubic shaping property as well. When 
a design has full-rate, i.e., R — N, it is known that cubic 
shaping implies information-losslessness [2|. Thus, the new 
full-rate designs constructed for N = 2 m , m > 1, antennas in 
Section IVI-AI are information-lossless. 

In order to prove the cubic shaping property we need the 
following result. 

Proposition 17: Let m > 1 be any integer and A, B E A m . 
Then, we have Tr ((A H B) R J = 2 m ■ 1{A = B}. 

Proof: All the matrices in A m are 2 m x 2 m unitary matri- 
ces. Thus, when A = B,Tr ({A H B) r J = Tr (7 2 ™) = 2" n . 

Now consider the case when A/B. From the discussion 
in Section |IV] A TO c G m , where G m is a finite group called 
the Pauli group. Since A is unitary, A H is the inverse of 
A in the group G m and hence, A H B g G m . Since A 7^ B, 
A H B e G m \ {/ 2m }. From Section lYl A m U -A m = G m 
and A m is linearly independent over K. 

We now show that A H B ^ —1%™ either. Since all the 
matrices in A m are unitary and are either Hermitian or skew- 
Hermitian, A H B = -I 2 m will imply that A = ±B. But, both 
A and B belong to A m . This contradicts the the fact that A m 
is linearly independent over BL Hence, A H B ^ {/2 m , — h™}- 
Thus, there exists a matrix TeA m \{/ 2 m} such that 
A H B = ±T. It is enough to show that Tr(T Re ) = 0. Ev- 
ery matrix in A m is of the form i x Ci © • • • © C m , where 
Ae{0, 1} and C k E {I 2 ,iX,iZ, ZX}, fc = l,...,m. Let 
T = i x Ci © • • • © C m . Since T^I 2 ™, either T = il 2 m 
or there exists a fc'e{l,...,m} such that Ck' ^ I2 i-e-, 
Cfe/ € {iX, iZ, ZX}. Note that all three matrices iX, iZ and 
ZX are traceless. If T — il 2 ™, it is straightforward to show 



that Tr(T Re ) = 0. When T ^ il 2 m, we have 

m 

Tr(T) = i x -Tr {®^C k ) = i x J] Tr(C k ) 

k=l 

= i X Tr(C k ,)- J] Tr(C fc ) = 0. 

Since Tr(T Re ) is the real part of Tr(T), we have 
Tr(T Re ) = 0. This completes the proof. ■ 
Towards recalling the definition of cubic shaping, consider 
the design X = Yli=i XiAi in real symbols x^ i = 1, . . . , K, 
where K = 2RN and A, € A m , i=l,...,K, m > 1. Let, 
for a complex matrix A, vec(A) = [vec(A Re ) T vec(Ai m ) T ] T , 
where wec(-) denotes the vectorization of a matrix. We have, 
vec(X) = J2?=i XiVec(Ai) = G[xi , x K ] T , where 

G = [vec(Ai) €Zc{A 2 ) ■ ■ ■ wc{A K )\ e R 2NTxK . 

Let the symbol vector [xi, . . . , xk] T assume values from a 
finite subset of Q7L K , where, Q £ M. KxK is an orthogonal 
rotation matrix. The matrix G = GQ £ ^ 2NTxK [ s called 
the generator matrix of the resulting STBC. The STBC thus 
obtained is said to have cubic shaping property if G T G is 
a scalar matrix, i.e., G T G — al^, for some a > 0. Since 
Q is an orthogonal matrix, this condition is equivalent to 
G T G being a scalar matrix. Let 1 < p < q < K. We have, 
vec ( A p ) T vec ( A q ) 

= vec(A PtRe ) T vec(A qiRe ) + vec(A p j m ) T vec(A q j m ) 
= Tr(A PiRe A q> R e + Ap Im A q j m ) 

= Tr((A«A q ) I J). 

= 2 m ■ l{p = q}, from Proposition [T71 

Thus, G T G = 2 m lK and hence, the generator matrix G satis- 
fies G T G = 2" 1 /a'. Thus any STBC obtained via codes over 
F4 that uses a finite subset of rotated 7L K lattice for encoding 
the real symbols has cubic shaping property. Consequently, all 
the STBCs of Section [VI- Al have cubic shaping property and 
the full rate designs of Section fVI-AI are information-lossless. 

C. Complexity of ML decoding 

We now derive the complexity of ML decoding the new 
class of STBCs constructed in Section IVI-AI Consider the 
case when N = 2 m , m > 2, and 1 < R < 5/4. The corre- 
sponding design {SiL)S 2 } is fast-group-decodable, where, 
S2 = S'e Uje{B.c.,D} Sj> {Si,S 2 } is 2-group ML decodable 
and <S>2 is conditionally 3-group ML decodable with the con- 
ditional groups as Sb, Sc and Sd- S' e is a subset of Se, ob- 
tained by puncturing Se as explained in Section [VI-AI Further, 
\Sj\ = 2" 1 - 1 for j = 1,B,C\D and \S' E \ = 2 rn+1 (R - 1). 
For any vector y £ Si U S 2 , let the associated real symbol 
in the matrix design X be denoted by x y . The symbols are 
encoded in pairs {x y , x y +t}, where t = [0, . . . , 0, uj, uj]. It was 
shown in Section IVI-AI that for each j 6 {1,-B, C, D}, if 
y € Sj, then y + t e Sj and if y £ S' E , then y + t £ S' E . Thus, 
symbols in different ML decoding groups and conditional ML 
decoding groups are encoded independently and hence, the 



resulting STBC C is fast-group-decodable. The ML decoding 
complexity of C is equal to the sum of complexities of ML 
decoding the symbol groups {x y \y £ Si} and {x y \y £ S 2 }. 
Note that {x y \y £ Si} is composed of 2 m ~ 2 symbol pairs. ML 
decoding of Si can be performed by finding the optimal value 
of a symbol pair, say {x y /, x y >+t}, for each of the M 2 
values that the remaining 2 m ~ 2 — 1 pairs jointly assume. 
Then, from among the M 2 _1 values of {x y \y £ Si} found 
in the previous step, the value optimizing the ML metric is 
found. Hence, 

MLDC{Si) = M 2 "* -2-1 • MLDC ({?/, y' + t}) , 

where MLDC(-) denotes the complexity of ML 
decoding. Consider the design {y',y' + t}, where 
x y ' + ix y ' + t assumes values from e 10 Am-qam- 
Let the corresponding matrix design be 

Xy'Ay, + Xy, +t Ay> +t A a = COS(9')Ay> + SlTl^') Ay, +t 

and Ab = —sin{9')A y i + cos(9')A y , +t . It is straightforward 
to show that the STBC generated by the symbols x y ',x y '+t 
is same as the STBC obtained from the design x a A a + x^Af,, 
when the real symbols x a , Xb take values independently 
from %/AT regular PAM. The complex symbols 
and x a + ixb are related as x a + ixb — eT %e (x y i + ix y >+t)- 
Thus, ML decoding x y ',x y '+t is equivalent to ML decoding 
x a ,Xb- The symbol pair x a ,Xb can be ML decoded as 
follows. For each of the \/A7 values that Xb can assume the 
conditionally optimal value of x a can be found by simple 
scaling and hard limiting. From these y/~M values of x a ,Xb, 
the value that optimizes the ML metric is found. Thus, the 
symbol pair x a , Xb can be ML decoded with complexity 
M - 5 . Thus, the symbols corresponding to Si can be ML 
decoded with complexity M 2 _0 - 5 . 

Similarly, symbols corresponding to S 2 can be ML de- 
coded by first finding the conditionally optimal value of 
{x y \y £ Uj=B.c.DSj} for each of the M 2 *"^ -1 ) values that 
the symbols corresponding to S E assume. Then the value 
of {x y \y £ S 2 }, from among the M 2 values from 

the first step, that optimizes the ML metric is found. Note 
that, in the first step, the symbols corresponding to Sb, Sc 
and Sd can be independently conditionally ML decoded and 
MLDC(Sj) = MLDC{Si) for j = B,C,D. Therefore, 

MLDC{S 2 ) = M 2miR - 1) ■ MLDC{Sj) 

]=B,C,D 

= Af 2m («-!) . 3M 2m ~ 2 -°- 5 
= 3M 2m_2(4fl ~ 3) ~°- 5 . 
Hence, when R > 1, 

MLDC(Si U S 2 ) = MLDC (St) + MLDC(S 2 ) 

= M 2m ~ 2 - ' 5 + 3M 2m ~ 2 ( 4fl - 3 )~ a5 

W 3Af 2 m " 2 (4fl-3)-0.5 for large M _ 

For N = 2 m , m > 2, antennas and R > 5/4, the new design 
of Section lVI-Al is given by S\ U ^2 U O and is fast-decodable. 
The set O has cardinality 2™ l ~ 1 (4i? — 5) and is closed 



under addition by t. Thus, the real symbols corresponding 
to Si, S2 and O are encoded independently and thus the 
resulting STBC is fast-decodable. In order to ML decode the 
resulting STBC, for each of the M 2m_2 ( 4 - R - 5 ) values that the 
symbols corresponding to O jointly assume, we first find the 
conditionally optimal value of the symbols corresponding to 
1S1 U1S2. Then, from among the M 2 ™ ( 4i? ~ 5 ) values from the 
first step, the one that optimizes the ML decoding metric can 
be found. Using an argument similar to the case 1 < R < 5/4, 
it can be shown that the resulting FD STBC can be ML 
decoded with complexity 3M 2 '" "( 4fl - 3 )-°- 5 . Hence, the new 
STBCs in Section IVLAl for number of antennas N = 2 m , 
m > 2, and rate R > 1 can be ML decoded with complexity 

3M 2'"- 2 (4fl-3)-0.5^ (17) 

For N = 2, i.e., m = 1, FD STBCs obtainable via codes over 
F4 with rates R > 1 can be obtained by puncturing the 
Silver code ||2T1 . 11221 . These codes can be ML decoded with 
complexity 

M 2 ^- 1 ). (18) 

D. FGD Code in [28] as a specific case of STBCs via codes 
over F4 

It was shown in Section HY-DI that square complex orthogo- 
nal designs belong to the class of codes obtainable from codes 
over F4. Consider the case of m = 2. A square complex 
orthogonal design for 2 2 antennas has 6 vectors each forming 
a group on its own. One of the vectors is the all zero vector. 
Thus the remaining 5 vectors are of odd weight. Let O be 
the set of these 5 vectors. Consider the following 2-group ML 
decodable design {Si,^} where 

Si = {[0, . . . , 0]}, S 2 = {y € ¥ 2 © F 2 |wt(y) is odd}. (19) 

Thus, O C 5 2 . Further O, when considered as a design by 
itself, is single real symbol ML decodable or 5-group ML 
decodable. Thus, the design in ( fT9l is fast-group-decodable. 
Since 16 vectors are of odd weight of the total of 32 vectors 
in F2 © F|, |£>2 1 = 16. Hence, the above design has a rate of 
17/8 cspcu. 

The ML decoding complexity of the code $1% is the 
sum of the ML decoding complexities of Si and S2. Si 
can be ML decoded with complexity Mi. When decoding 
S2, for each set of values assigned to the real variables 
corresponding to S2 \ O, the real variables corresponding 
to O can be conditionally ML decoded with a complexity 
of 5M5. The net complexity of ML decoding S2 would 
be the product of this term with M 2 (l<s 2 \c | |)^ wn j c ij j s 
5M5 x Mi< 24 - 5 ' = 5Af2( 17 - 5 ) = 5M 6 . Thus the complex- 
ity of ML decoding the code £[9j! is 5Af 6 + m 5M 6 . 
This design was the one proposed in |28|. A rate 2 code was 
obtained in l28l by puncturing one real symbol from S2. A 
full diversity STBC was obtained by encoding the real symbols 
using a finite subset of rotated integer lattice. Thus, from the 
results of Section IVI-BI this code has cubic shaping property. 



E. ML decoding complexity reducing constellations for de- 
signs in ST4\I, ^751/ 

The codes in lfl4l are for N = 2 m antennas with rate 
R = 2 m - 2 + ±, and are 2-group ML decodable. The 2 
group ML decodable code of lfl3l belongs to the class of 
STBCs constructed in lfT4l . In ||T5l . g-group ML decodable 
codes, g > 1, were constructed for N = ng2^-^~^, n > 1, 
antennas with rate 2 ^-i + %^r. The g = 2 codes in |[T5ll 
have the same rate as the codes in f\4\ . Further, all the 
codes in [14|, [15| have unitary weight matrices. We now 
give constellations leading to full diversity and reduced ML 
decoding complexity for g-group ML decodable codes, g > 1, 
in |fT31 . Complexity reducing constellations for codes in [14] 
can be found in a similar way, and the resulting ML decoding 
complexity is same as those of the g — 2 codes of lfT31l with 
new constellations. 

In 03), ML decoding complexity of g-group ML decodable 
code, g > 1, was given only for arbitrary complex constella- 
tions, which is 

gM NR/g . (20) 

Consider any g symbols, xi,...,x g , one from each of the 
g groups. Since the linear dispersion matrices are unitary, the 
weight matrices Ay, . . . , A g , of the symbols Xy,...,x„ satisfy 

AfAj + AfA t = 0, 1 < i < j < g. 

We use Theorem [6] to use regular PAM on the g variables 
xy,. . . ,x g without losing full diversity property. While ML 
decoding the i th group of symbols, i = 1, . . . , g, we need to 
jointly decode 2NR/g real symbols. Of these, the symbol Xi 
assumes values from regular PAM constellation. For each of 
the M NR / g -°- 5 values that the rest of the 2NR/g - 1 real 
symbols jointly assume, the conditionally optimal value of X4 
can be found via scaling and hard limiting. Thus, ML decoding 
can performed with complexity 

g M NR /9-°- 5 . (21) 

F. Comparison of ML decoding complexities 

Using ([T7J, (fTSl . ( f20T > and (EB, we see that the new 
class of STBCs constructed in Section IVI-AI have least ML 
decoding complexity compared with all other codes available 
in literature, when 

N = 2,4 and R > 1, 

N = 8,16 and 1 < R < §, R > f + i and 

N = 2 m ,m>5, and R>% + ±. 

When N = 2 m , m > 3, and f < R < f + i, the 2-group 
ML decodable codes in Section [VI-El have lower ML decoding 
complexities than the STBCs obtained from codes over F4. 
When N = 2 m , m > 5 and 1 < R < § + f, the 4-group ML 
decodable codes of Section IVI-EI have lower ML decoding 
complexities than the STBCs obtained via codes over F4. 

Table Q] summarizes the comparison of the ML decoding 
complexities of already known codes and the new ones of this 
paper. Only rates greater than 1 are considered. Comparison 



TABLE I 

Comparison of ML Decoding Complexities 1 " 



Transmit 
Antennas 

TV 


Rate 
R 


New codes 
in 


EAST Codes 
Sinnokrot et al. 

(31 


2-group ML 
decodable codes 

in m, ED 


New g = 2 
codes in 


FGD Code 
from Ren et al. 

no 


Sirianunpiboon 
et al. 

(26) 


Oggier 
et al. 

E3 


Sec|VI-A| 


SeclVI-El 


A* 


B* 


2 


2 


M 2 














4 


5/4 


3M 1 - 5 




2M 2 - 5 


2M 2 








3/2 


3M 2 5 














2 


3M 4 5 


4M 5 






5M 5 - 5 




2Af 6 


17/8 


3M 5 








5M 6 






3 


3M 8 - 5 














4 


3M 12 5 














8 


5/4 


3M 3 5 




2Af 5 


2M 4 - 5 








2 


3M 9 5 


4M 10 


2M 8 


2M 7 - 5 








17/8 


3M io.5 




2M 8 ' 5 


2M 8 








3 


3M 175 


4M 18 












4 


3M 25 .5 


4M 26 












5 


3M 33 .5 














6 


3M 41 - 5 















t M is the size of the underlying complex constellation. 

t Key: A - Arbitrary constellation, B - Appropriately chosen constellation 



is done with EAST (Embedded Alamouti Space-Time) codes 
from [24-|, 2-group ML decodable codes from |14| and [15|, 
FD code from |26|, FD code from [27 1 and the FGD code 
from 1 28 1 . The entry for 2 antennas with rate 2 and arbitrary 
constellation is that of the Silver code. In Section IVI-G3I it 
is shown that this code belongs to the new class of STBCs 
obtainable from codes over F4. Note that the proposed code for 
N = 4, R = 5/4 has lower ML decoding complexity than the 
corresponding codes from (14\ and |Q3). The code for N = 4, 
R = 17/8 has lower ML decoding complexity than the code 
from [ 28 1 . Similarly, for N = 8 and R = 5/4 the proposed 
codes have the least known ML decoding complexity. 

G. Examples of FD codes in literature obtainable from codes 
over F4 

In this section, we give examples of STBCs available in 
the literature that are obtainable from codes over F4. We 
emphasize that these codes have low ML decoding complexity 
because the underlying designs come from A m . 

1) 2x2 from Pavan et al. HTl : In 0/7!), rate 2 STBCs 
from designs were constructed for 2 and 4 transmit antennas 
with the largest known coding gain. Both these codes are 
fast-decodable. The 2 antenna STBC can be obtained from 
codes over F4 by using appropriate signal sets. This code 
has non-vanishing determinant property and is information- 
lossless. Let m = 1 and choose weight matrices from Ai as 



The corresponding vectors from F2 ® ¥4 are 







A 2 


= z, 


A ? , 


= ih, 


Ai 


= iZ, 


A 5 


= x, 


A 6 


= ZX, 


A 7 


= iX and 


A, 


= iZX. 



Vi = 


[0,0], 


2/2 = 


[1M 


2/3 = 


[1,0], 


2/4 = 


[0,w], 


2/5 = 


[1,1], 


2/6 = 


[0,c 2 


2/7 = 


[0, 1] and 


2/8 = 


[IV 



The resulting design X = x iAi is 

{x\ + x 2 ) + i(x 3 + Xi) (x 5 + x 6 ) + i{x 7 + x 8 ) 
_{x 5 - x 6 ) + i(x 7 - ar 8 ) {x\ - x 2 ) + i(x 3 - x 4 )_ 

Note that the rate 1 design {2/1,2/2,2/3,2/4} i s 2-group ML 
decodable with the two groups being {2/1,2/2} and {2/3,2/4}- 
When the symbols in the design X are encoded in 3-groups 
{xi,X2}, {x3,Xi} and {£5, xq, X7, xs} we see that the re- 
sulting STBC is conditionally 2-group ML decodable, the 
two conditional groups being {#1,2:2} and {x 3 , X4}. This 
leads to low complexity ML decoding. In ifTTl . {xi,X2}, 
{X3, X4} and {2:5, x$, X7, xg} are encoded as follows. Let 
Sfe = Sk,i + isk.Q, A; = 1,2, 3, 4, take values independently 
from a rotated QAM constellation. The angle of rotation is op- 
timized for diversity and coding gain. Encode Xi, i = 1, . . . , 8, 
as 



and 



SlJ 

s i,Q. 
1 



x 5 




x e 


1 


x 7 


2V2 


_x s _ 





X3 


1 


1 


1" 






X4 


~ 2 


-1 


1 




_S2,Q_ 


-1 


1 


r 




S4,Z 




-1 


-1 


-1 




S 3,Q 




1 


1 


-1 




S3 


1 




1 


-1 


1 




_S 4 ,( 


3. 





The resulting design in terms of {s^} is 

sij+is 2 ,Q e tn/i (s4,j 
,7r/4 (- s 4.Q +is 3 ,i) ~si,c 



is 3,Q) 

+ is 2 ,i 



(22) 



The STBC presented in ifTTl is d22i i multiplied on the right 

, ..J. . . \1 01 

hand side by the unitary matrix ^ ^ . 

2) The BHV code: In [16|, the idea of FD codes was 
introduced and a rate-2, 4-antenna, FD code was constructed, 
which we refer to as the BHV code. Let {x\, . . . , x\q} denote 
the real symbols in the BHV design Xbhv- Then, we have 

Xbhv = Xqod(^i, • • • j xs) + Xqod(s9, ■ • ■ , xie) ■ T, 

where, T — Z <Ei I 2 and Xqod is the rate 1 quasi-orthogonal 
design (O constructed in 11301 . It was shown in Section HV-CI 
that Xbhv is a specific example of designs obtainable via 
codes over F4. Further, the matrix T € A2. Thus, all the 
weight matrices of Xbhv belong to A2. In (TS'I, the symbols 
are encoded as follows. The real symbols x\,...,x% are 
encoded independently using regular PAM and xg, . . . , x 16 
are encoded using a finite subset of rotated Z 8 lattice. Such 
an encoding does not affect the fast-decodability offered by 
the design Xbhv- To ML decode the BHV code, for each of 
the M 4 values that the symbols xg,.. . ,xiq jointly assume, 
the conditionally optimal values of xx,...,xg can be found 
out by dividing x\, . . . ,xs into 4 groups and decoding them 
independently. Hence, this code can be ML decoded with 
complexity 4M 4 ' 5 . 

3) The Silver Code: This is a rate 2 FD code for 2 transmit 
antennas. It was was independently discovered by Hottinen, 
Tirkkonen and Wichman [21 1 and by Paredes, Gershman and 
Alkhansari I1221 . In ll23l . it was shown that this code is 
perfect. Its ML decoding complexity is of the order of M 3 for 
arbitrary constellations and M 2 for QAM symbols [17|. We 
now show that this code is obtained from a design with Pauli 
Weight matrices. The HTW-PGA code in complex symbols 
si, s 2 , S3, S4 is 



X = 



81 


S2 


+ 


S3 


Si 




"1 


0" 


_~s 2 




_-s 4 









-1 



where s\, s 2 are encoded independently and S3, S4 are obtained 
from independent complex symbols Z3 , 2:4 via a unitary matrix 

U as 



S3 


= u 


Z3 


_S 4 _ 







(23) 



Let Sfc = Sk,i + isk,Q for k = 1, 2, 3, 4. The weight matrices 
Ak,i,Ak,Q of the real symbols Skj,Sk,Q, upto a sign change, 
are 

A\,i = h, Ai. Q =iZ, 
A 2J = ZX, A 2 , Q = iX, 
A 3 ,i = Z, A 3 ^ Q = il, 

A^j = X and A^q = iZX. 

This code uses all the 8 elements of A2 as weight ma- 
trices. From d23l . we see that the encoding groups are: 
{sij, Si,q},{s2,i, s 2 ,q} and {s 3 j, s 3 ,q, s 4 j, s^q}. Since the 
combined encoding of {53^,33^,54^,54^} does not affect 
the fast-decodability offered by the design, the resulting STBC 
can be ML decoded with complexity 2M 3 for arbitrary com- 
plex constellations and M 2 for regular QAM constellations. 



VII. Discussion 

In this paper, we have given a new framework for con- 
structing low ML decoding complexity STBCs via codes over 
F4. We constructed multigroup ML codes and a new class 
of FD and FGD codes with full-diversity and cubic shaping 
properties using this approach. Some of the directions for 
future work are given below. 

• Finding the optimal tradeoff between R and g of the class 
of multigroup ML decodable STBCs via codes over F4. 
What is the minimum possible ML decoding complexity 
for STBCs obtained from codes over F4? 

• Can we obtain all CUWDs via codes over F4? 

> We only showed the existence of constellations leading 
to STBCs with full diversity and cubic shaping property. 
The problem of constructing explicit constellations that 
provably lead to full-diversity STBCs remains to be 
explored. 

> The framework was obtained by exploring Universal 
Clifford Algebras generated from even dimensional vec- 
tor spaces over C. Do the Universal Clifford Algebras 
generated from odd dimensional vector spaces lead to 
more low ML decoding complexity codes? 

• Do there exist other algebras whose matrix representa- 
tions lead to STBCs with better tradeoff between rate 
and ML decoding complexity? 

• In 11381 . the recursive construction ( T3"5l > was applied to 
STBCs from Division Algebras [39| to obtain 2-group 
ML decodable STBCs. Is it possible to apply other recur- 
sive constructions on Division Algebra STBCs to obtain 
large coding gain, multigroup ML decodable STBCs? 

« Proving the non-vanishing determinant property, either in 
the affirmative or otherwise, of the new classes of codes 
proposed in this paper remains an interesting direction to 
pursue. 
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Appendix A 
Proof of Theorem @] 

Define a map 

p n -i : Zqj x ■ • • x Z Qri -> Zqj x • ■ • x Z Qn _ 1 

such that for any u £ Zqj x • • • x Zq^ 

Pn-i((ui,u 2 , . . .,%)) = (ux,u 2 , . . . ,U n -l) 

The proof is by induction on Q n +i- First we show that the 
theorem is true for Q n +i = 1. Then the induction step is 
proved. 

Let Q n+1 = 1. Choose A n+1 = {a n+1 [0}} where a„+i[0] 
is any element of K. Let u,v £ Zq x x • • • x Zq^ x Zi and 
u v. Since there is only one element in Zi we have 
that p n {u) ^ p n (v). Using this along with the hypothe- 
sis that C(X n ,^4i x • • ■ x A n ) offers full-diversity we have 
det(C n+1 [u] - C n+ i[v\) 

n+l 

= det(^2 {<H[ui]Ai - ai[vi]Ai)) 

i=l 
n 

= det(^2 (ai[ui]Ai - a.^Ai)) 

i=l 

= det(C n [p n {u)} ~ C n [p n (v)}) 

In order to prove the induction step, we assume that the 
theorem is true for Q n +i = k with the real constellation A' n+1 
for some positive integer k. We prove that the theorem is true 
for Qn+i = k + 1 by appending another point a n +i[fc] £ K 
to A' n+1 . Thus a„+i[fc] must not be an element of A' n+1 . In 
order to guarantee full diversity it must satisfy an additional 
criterion which is, for any u, v £ 1q x x ■ • • x Zq k x Zk+i 



and m/d, det(C n+ i [u] — C n +i M) 7^ 0. There are four cases 
given below. For each of these cases this criterion translates 
into some condition on a„+i[fc]. The point to be chosen must 
satisfy all these criteria and must not be an element of A' n+1 . 

1) u n+ i ^ k and v n +i 7^ k : In this case 

C n+1 [u],C n+1 [v] eC(X n+1 ,A 1 x ••• xA' n+1 ) 

Since C(X n+ i,.4i x • • • x A n +i) offers full-diversity 
this case does not impose any condition on a n+ i[k\. 

2) u n+ i — v n+ i = k : Together with u 7^ v we have 
Pn(u) ^ p„{v). Thus det(C n+1 [u] - C n+1 [v}) 

n+l 

= det(^2 (ai[ui]Ai - a^v^Ai)) 
»=i 

n 

= det(^2 (a.i[ui]Ai - a,i[vi]Ai)) 

i=l 

= det(C n [p n (u)] - C n [p n {v)\) 

Even this case does not impose any condition on 

a n+1 [k}. 

3) u n+ i 7^ k and v n+ \ = k : In this case a n+ i[k] e R 
must not be a solution of the polynomial equation 

n 

h u ,v(z) = det(C n+ i[u] - ^ S 'K]^' _ zA n+1 ) = 

i=l 

The above polynomial equation is not identically zero 
i.e., h u _ v (z) e C[z] \ {0}. This can be shown by con- 
sidering two cases 

a) When p n (u) ^ p n (v), we have h UyV (a n+1 [u n+1 ]) 

n 

= det(C n+1 [u] - ^2ai[vi]Ai - a n+1 [u n+1 ]A n+1 ) 
i=i 

= det(C n [p n (u)} - C n [p n (v)}) 

b) When p n (u) = p n (v) t we have h UmV {z) 

n 

= det(C n+ i[u] - ^ai[ui}Ai - zA n+1 ) 

i=l 

= det(a n+ i[u n+ i]A n+ i - zA n+1 ) 
= (a n+1 [u n+ i] - z) N det(A n+ i) 
e C[z] \ {0} 

4) u n+ i — k and v n+ \ 7^ k : In this case a n+ i[/c] e R 
must not be a solution of the polynomial equation 

n 

g u ,v{z) = det(C n+1 [v] - ^a^u^Ai - zA n+1 ) = 

i=l 

The above polynomial equation is not identically zero 
i.e., g u ,v(z) € C[z] \ {0}. The proof of this is similar to 
the proof in last case. 
Thus C(X n+ i, Ai x • • • x A n +i) will offer full-diversity if 
satisfies all of the following conditions 



1) a n+1 [k] £ A' n+l 

2) a n+ i[/c] is not a root of h UtV (z) for any u, v from case 3. 

3) a n+ i[fc] is not a root of g u ,v{z) for any u, v from case 4. 
Any non-zero polynomial f(z) e C[z] has only finitely 

many solutions in C and hence only finitely many solutions 
in R. There are only finitely many such non-zero equations 
in the above criteria. Also there are only finite number of 
elements in A' n+1 . Thus there are infinitely many choices of 
a n+ i[fc] that can make C(X n+ i, A\ x • • • x A n +i) offer full- 
diversity. This proves the existence of full-diversity, single 
real symbol encodable code C(X n+1 ,^l 1 x • • • x A n+ i) for 
Qn+i = k + 1. Thus the induction step is proved. ■ 



